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ABSTRACT 
 In this dissertation, a meso-scale computational model, using the smoothed particle 
hydrodynamics (SPH) numerical method, is used to simulate the deposition process at the 
electrolyte/anode interface of a lithium metal battery. The SPH model simulates the physics 
at this interface by solving the governing equations for diffusion, migration, and potential 
distribution in a binary electrolyte and near a reactive, moving interface and dendrite 
surfaces. The model is implemented in the LAMMPs code base and includes the ability to 
model charge/discharge cycles. 
Using the SPH model, the effect of various structures in the electrolyte on mass 
transport and dendrite growth are investigated. The first goal is to understand the effects of 
local transport through battery separators on dendrite growth by explicitly representing 
commercial battery separator structures taken from SEM images. Using SPH, the 
geometrical parameters of the separator are characterized based on their effect on mass 
transport and dendrite growth. The findings from the simulations suggest that the tortuosity 
of the separator is a key property affecting transport. Additionally, despite the 
	
	 viii 
characterization of battery separators using bulk properties, the heterogeneity of the 
separators lead to vastly different local transport outcomes. Building upon these insights 
and in collaboration with experimental groups, the effect of the structure of novel coatings 
and electrolytes on the mass transport to the anode and subsequent dendrite morphology 
are investigated. The computational studies demonstrate the mechanisms by which these 
novel techniques improve the performance of lithium metal batteries such as reducing the 
pore size in carbon nanomembranes reduces dendrite length and increases deposition 
density; ionic liquid crystal supramolecular assemblies oriented perpendicular to the anode 
increase the uniformity of Li+ deposition at the anode; the effects of homogeneity of ionic 
conductivity of protective coatings on the anode to enable uniform Li+ deposition.  
Additionally, the model is used to explore how the local conditions in the 
electrolyte change during battery cycling. During standard charging, the Li+ concentrations 
at the anode create reaction rate limited conditions that lead to more uniform Li+ deposition. 
However, during “fast” charging, the local Li+ concentrations rapidly decrease leading to 
mass transport limited conditions which result in dendrite growth and lower battery 
performance.   
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This dissertation will discuss my research on interfacial phenomena occurring at 
the electrode-electrolyte interface. While my primary application is to look at lithium metal 
battery anodes, much of the work presented here can also apply to other electrodeposition 
processes. The interfacial phenomena I am interested in is dendrite growth which is caused 
by non-uniform mass transport and deposition. Dendrite growth causes a range of issues in 
batteries from lower cycling efficiency to short circuiting. I discuss mechanisms for 
controlling dendrite growth, i.e. separators, charging, and modifications to electrode 
surface, in this dissertation.  
The technique I use to investigate mass transport and dendrite growth is numerical 
modeling. This allows me to calculate the mass transport in the electrolyte and deposition 
at the anode using the governing physics. There are no other published models that can 
apply the range of phenomena and conditions I consider. This model uses the smoothed 
particle hydrodynamics method. I have built upon the labs previous SPH model to include 
the ability to track electric potential and migration, simulate charging and discharging 
cycles, surface modifications, and unique electrolyte inclusions.  
1.1 Lithium Metal Batteries 
The world is transitioning to more sustainable methods of energy generation, i.e. 
wind and solar (Babiker et al., 2018). These alternative energy sources suffer from 
tradeoffs; they do not always produce the energy when or where it is needed, making 
storage of this energy a high priority. Increasing demands on current battery technologies 




development of higher energy density batteries and improved long-term performance.  
Current technologies, such as lithium ion batteries (LIB), have demonstrated a huge 
potential for battery technologies to significantly impact the world’s energy profile (T. 
Kim, Song, Son, Ono, & Qi, 2019). LIBs have become the gold standard in electric vehicle 
(EV) and portable energy storage; however, research into higher energy density storage is 
ongoing as LIBs are not able to meet the future demands for energy storage as these areas 
continue to develop.  
Significant challenges limit the application and performance of current energy 
storage systems, such as the energy density and charge rate limits of current LIB 
technologies, which restricts the range of EVs, and cycle life, which limits the lifetime of 
Li batteries (Hannan, Lipu, Hussain, & Mohamed, 2017). New high energy density battery 
technologies will be central to the development of long range EVs, increased use of 
renewables and a cleaner, more efficient energy future. LIBs and advanced lithium battery 
systems need continued research to address challenges around cycling efficiency and safety 
issues. 
A promising replacement for the Li-ion battery is the lithium metal battery (LMB) 
(Grady, 1980). LMBs are of great interest to the research community because of their high 
specific capacity and electrochemical potential. LMBs use a lithium metal anode, which 
has an order of magnitude higher theoretical capacity (3860 mAh g−1) over conventional 
graphite anodes (372 mAh g−1) used in LIBs (Abraham, 1993; X. Zhang, Yang, & Zhou, 
2020). Pure lithium metal is the lightest metal and has the lowest electrochemical potential 




However, significant hurdles must be overcome before LMBs are a viable 
alternative to LIBs (Jinming Wang set al., 2021). The main hurdle is the Li+ 
electrodeposition process during battery charging. Understanding the complex physics of 
this process is challenging. In this dissertation, I present a computational model for 
investigating the phenomena related to non-uniform deposition and dendritic growth at the 
anode surface. 
1.1.1 LIBs vs LMBs 
Besides the anode, LMBs use similar components to LIBs, Fig. 1.1. They both use 
an ion conducting electrolyte, i.e. ethylene carbonate, to transport cations (Li+) between 
electrodes, with a battery separator is sandwiched between the electrodes. The separator 
is typically made of a stable polymer material, i.e. polypropylene or polyethylene. It is 
then stretched to create tiny tears which enable it to become saturated in the electrolyte. 
Their primary function is to physically separate the electrodes and prevent a short circuit. 
The anode, as noted previously, is the major component that differentiates LIBs from 
LMBs. In LIBs, lithium ions (Li+) intercalate between graphite in the anode: yC 
+xLi++e- à CyLix; while in LMBs, Li+ are deposited directly onto the lithium metal 













1.1.2 Electrodeposition and dendritic growth  
In conjunction with the benefits of a lithium anode (capacity and potential), the 
anodic reaction of LMBs introduces unique challenges. The primary challenge being 
dendrite growth, which occurs due to the non-uniform lithium metal deposition at the anode 
surface over multiple charge/discharge cycles. Dendrites are a challenge for two main 
reasons: (1) they reduce the coulombic efficiency of the battery leading to low cycle life 
(Fang et al., 2019; Xiao et al., 2020) and (2) they cause short circuits leading to thermal 
runaway and explosions (Cheng, Zhang, Zhao, & Zhang, 2017; Whittingham, 2012). 
Currently, these challenges make LMBs impractical for commercial use.  
The initial non-uniform Li+ deposition has two general causes: non-uniform Li+ 
transport to the anode surface (Mistry, Fear, Carter, Love, & Mukherjee, 2019) and non-
uniform reactions at the anode surface (Dong et al., 2021; Ely & García, 2013; Guan et al., 
2018; Pei, Zheng, Shi, Li, & Cui, 2017). In liquid electrolytes, porous separators (Figure 
1.2) create heterogeneous pathways for ionic transport (Djian, Alloin, Martinet, Lignier, & 
Sanchez, 2007; Jana, Ely, & García, 2015). Regions along the anode surface have a higher 
Li+ flux because of these heterogeneous pathways leading to non-uniform uneven 
deposition. This is then compounded by a combination of defects on the anode surface. 
 






Defects on the surface, such as breaks in the solid-electrolyte interface (SEI), pits, and grain 
boundaries, can serve as nucleation sites for dendrites (Harry, Hallinan, Parkinson, 
MacDowell, & Balsara, 2014; Pei et al., 2017). Once the dendrite is nucleated, factors like 
the operating conditions of the battery and other material properties dictate the morphology 
of the dendrite. 
Dendrite morphology is one of the key indicators for evaluating the degree to which 
the deposition will be problematic. Understanding the conditions that produce various 
dendrite morphologies is essential for mitigating their potential harm (Frenck, Sethi, 
Maslyn, & Balsara, 2019; Wood, Noked, & Dasgupta, 2017). Dendrite morphology occurs 
along a spectrum: at one end are mass transport limited conditions where deposition 
preferentially occurs at any asperities along the anode surface and at the other are reaction 
rate limited conditions where deposition occurs more uniformly along the anode surface 
(Figure 1.3).  Mass transport limited conditions produce thin, long dendrites which lead to 
 
Figure 1.3. SEM image of dendrite growth under reaction rate limited conditions (a) and 





lower coulombic efficiency and are more likely to pierce the battery’s separator causing a 
short circuit; reaction rate limited conditions produce a more uniform deposition which 
leads to improved safety and fewer performance issues. However, to create reaction rate 
limited conditions, sufficient Li+ must be present at the anode surface for the reduction 
reaction which occurs when the battery is charged slowly. This slow charging is 
undesirable from an operating standpoint but increasing the charge rate generates mass 
transport limited conditions.  
Coulombic efficiency is essentially a measure of energy retention; it is the ratio of 
discharge capacity to charge capacity within a given cycle. In LMBs, one of the main 
drivers in coulombic efficiency is the loss of usable Li+ caused by unwanted secondary 
reactions (Fang et al., 2019; Xiao et al., 2020). Because lithium metal is so volatile, 
reactions occur between the anode and electrolyte when the cell is constructed. The 
products of these reactions, i.e., Li2CO3, LiOH, Li2O, form the SEI which regulate the 
deposition process of Li+ (Nojabaee, Küster, Starke, Popovic, & Maier, 2020; Peled, 1997). 
As Li+ are reduced, there is a volumetric change at the anode that can mechanically break 
the SEI layer exposing pristine lithium metal. So, secondary reactions on the pristine 
lithium metal that occur during battery operation consume electrons and Li+ (along with 
other reactants) in an irreversible process that leads to lower coulombic efficiency.  
The coulombic efficiency is also reduced by the formation of so-called “dead 
lithium” (K. H. Chen et al., 2017; Fang et al., 2019). This formation occurs when a lithium 
dendrite is electrically disconnected from the anode. As the battery is cycled, the base of 




Then, secondary reactions create a layer completely enveloping the detached dendrite. The 
“dead lithium” becomes inactive and its ability to store charge is lost.  
These challenges indicate that the process of electrodeposition is controlled by 
complex interdependent mass transport between the dendritic structures and the electrolyte. 
The governing physics at this interface are primarily diffusion, migration and surface 
reactions (Newman & Thomas-Alyea, 2004). Thus, understanding the interactions that 
produce changes in mass transport can highlight possible methods for controlling dendrite 
growth. 
1.2 Motivation 
Developing a better understanding of the complex physics, i.e. mass transport and 
dendritic growth, occurring between the anode and electrolyte would enable more control 
over the electrodeposition process. However, observing the region at the anode-electrolyte 
interface is difficult in an experimental setting. The complex physical phenomena occur at 
the meso-scale, limiting devices to observe only structures formed at the interfaces: non-
invasive optical instruments (Schneider et al., 2017; Wood et al., 2016) or SEM (Dong et 
al., 2021; Qian et al., 2016). Furthermore, many of the images of dendritic structures 
presented in the literature are taken after the cell is disassembled or they do not reveal the 
electrochemical phenomena occurring at the local level, i.e. concentrations or local current 
densities. However, numerical models can isolate the anode-electrolyte interface and the 
important physics related to mass transport and dendritic growth. Model utilization in the 
extensive parameter space enables new insights into the interplay of the complex physics. 




conditions and material selection. 
The use of numerical models to study electrodeposition goes back to the 1960s. The 
first 1D model of dendritic growth is based on the theory that electrodeposition occurs 
more rapidly at the dendrite tips (Bockris, 1962). Dendrite tips have a spherical region of 
ionic flux from which to grow, thus extending farther into the electrolyte than the rest of 
the electrode surface. A relationship between current density and dendrite tip velocity was 
also proposed. More recently, dendritic growth at higher currents/potentials was modeled 
(Chazalviel, 1990). At higher currents/potentials, the electroneutrality condition is violated 
near the electrode allowing for a different set of relationships between dendrite growth and 
high current densities. A comprehensive 1D model was developed to simulate dendrite 
growth at various current densities (Monroe & Newman, 2003).  
These 1D models focused on mass transport but are unable to capture other 
phenomena occurring at the electrode-electrolyte interface. Some of the other phenomena 
include surface heterogeneities, interactions between dendrites and non-uniform transport 
in the electrolyte. 2D models can be used to develop solutions to suppress dendrite growth 
utilizing these phenomena.  
The work presented in this dissertation is based on a 2D model for reactive transport 
using the smoothed particle hydrodynamic (SPH) method (Monaghan, 2005; Tartakovsky, 
Meakin, Scheibe, & Eichler West, 2007). The model I developed directly builds upon 
previous work using this method (Ryan, Tartakovsky, & Amon, 2010; J. Tan & Ryan, 
2013; J Tan, Tartakovsky, & Ryan, 2016; Jinwang Tan & Ryan, 2016b, 2016a).  




scale Atomic/Molecular Massively Parallel Simulator (LAMMPS) developed at Sandia 
National Laboratory (Plimpton, 1995b). As the name suggests, it was developed for 
molecular dynamics (MD) simulations, due to the similar particle formulation of MD and 
SPH, an SPH module has been developed in LAMMPS. As a package in LAMMPS, the 
model takes advantage of the ability to create distinct governing equations. This allowed 
for further development of the governing physics from the previous model (Tan & Ryan, 
2016a) and novel applications detailed as discussed in this dissertation. 
1.3 Contribution of this dissertation 
The overall contribution of this dissertation is the newly implemented mass 
transport and dendritic growth model using the SPH method. The specific contributions 
of this research are: 
• A SPH numerical model of diffusion, migration, electric potential and 
reactions at the electrode-electrolyte interface implemented in LAMMPS. 
• A new method for classifying battery separator transport pathways and 
their explicit effects on dendritic growth. 
•  Studies of how dendrite growth responds to altering mass transport to the 
anode surface using: 
o Ionic liquid crystals (ILC) 
o Hybrid protective layers (HPL) 
o Carbon nanomembranes (CNM). 
• Studies of how dendrite growth responds to geometrical and reaction rate 




• Studies of how dendrite growth responds to various charging/discharging 
protocol. 
Together, these contributions add to both the computational sciences field and the energy 
storage field by considering new ways of looking at the issue of dendrite growth and 
applying the developed methods to novel areas of dendrite suppression. 
1.4 Organization 
This dissertation is organized into six chapters. Chapter 2 describes the numerical 
methods used to implement the model; Chapter 3 details a new strategy for evaluating 
battery separators and their effects on dendrite growth. Chapter 4 discusses how 
charging/discharging protocol effect dendrite growth. Chapter 5 discusses several 
strategies for altering mass transport near the anode surface to suppress dendrite growth. 





2. NUMERICAL METHODS 
 The numerical model presented in this dissertation is primarily used to model the 
anode-electrolyte interface in LMBs. However, it can also describe other electrodeposition 
and dissolution processes. In this section, I will discuss two other prominent numerical 
modeling methods for electrodeposition. Then, I will describe the governing physics of the 
electrodeposition process and the Smoothed Particle Hydrodynamics (SPH) discretization 
scheme for the numerical implementation. Finally, I will present verification cases between 
the model and analytical solutions, convergence tests, and qualitative comparisons of 
dendritic growth between the model and experimental data. 
2.1 Previous dendrite growth models 
2.1.1 Phase field method 
There are two types of phase-field methods (PFM) that were essentially developed 
by two independent communities. The first was initially developed to model microscopic 
diffusion in crystalline solids (Khachaturyan, 1968; L.-Q. Chen, 1991; Y. Wang, L.-Q. 
Chen, 1993). The second was developed to model solidification and dendritic growth (J. 
Langer, 1986). The phase-field method uses a set of conserved and non-conserved phase 
variables that are spatially and temporally continuous functions to represent the 
microstructure. Conserved variables, i.e. concentration and mass, are typically related to 
the local material composition. Non-conserved variables, i.e. order parameters and phase 
variables, refer to the crystalline symmetry relations at interfaces and differentiate the 
phase at a given location, respectively. 




PFM is able to capture many physical properties at the surface or electrode-electrolyte 
interface. Ely et al. demonstrated that the deposition rate at the dendrite tip corresponds to 
a  higher average overpotential leading to mass transport limited kinetics (Ely, Jana, & 
García, 2014). More recently, Yan et al. used two coupled models, PFM and a heat transfer 
model, to investigate the thermal effect on dendritic growth. Their results indicate that 
temperature increases at the dendrite-electrolyte interface and that this causes the 
morphology of the dendrite to deviate from a branching structure to a rhombic shape (Yan, 
Bie, Cui, Xiong, & Chen, 2018).  
However, PFM has struggled to accurately capture the dendrite morphology at 
various operating conditions. The PFM dendrite growths have artificial symmetries and 
morphologies. Chen et al. has made improvements to the PFM of dendrite growth by using 
a rate modification factor (C. H. Chen & Pao, 2021), although, numerical protocols to 
calculate this factor are not provided in their article. It is also more challenging to model 
complex structures in the diffusion region surrounding the anode. i.e. the battery separator 
microstructure or anode protective layers. Additionally, PFM requires an additional 
differential equation (the phase-field equation) to resolve the interface which increases 
computational time. These factors create the need for an alternative modeling technique. 
2.1.2 Diffusion limited aggregation 
The diffusion limited aggregation (DLA) method is another popular method for 
modeling dendritic growth. In this method, particles are added to the simulation domain 
and undergo a random walk, representing Brownian motion, until they come into contact 




contacted particles, forming an aggregation (Witten & Sander, 1981). This method is 
applicable in systems where diffusion is the primary mass transport mechanism.  
Park et al. combined experimental tests with the DLA method and determined that 
viscosity of the electrolyte and the size of the anion particle were both critical to extending 
the cyclability of lithium metal battery systems (Park et al., 2014). More recently, Failla et 
al. use DLA modeling to investigate dendrite growth at the edge of an electrode where 
there are strong electric fields (Failla, Bologna, & Tellini, 2019). They demonstrated that 
this region of the electrode must be treated with care when designing LMBs. Aryanfar et 
al. explored a technique for charging batteries called reverse-pulse plating which has been 
proposed to reduce dendritic formation (Aryanfar, Ghamlouche, & Goddard, 2021). With 
DLA modeling, they were able to preferentially detach anions at the tips of dendrites during 
a short discharge, then redeposit them to form a more uniform anode surface. 
The DLA method is most useful when diffusion is the dominant mass transport 
mechanism and the particles are moving through a homogenous electrolyte. DLA begins 
to struggle when more intricate reactive surfaces are involved and complex structures are 
introduced into the electrolyte.  
2.2 Smoothed particle hydrodynamics 
The SPH method (Monaghan, 2005) provides inherent solutions to many of the 
challenges of electrodeposition modeling. SPH is a mesh-free, Lagrangian particle method 
that uses an interpolation scheme to solve the governing partial differential equations 
(PDE). The PDE’s can be solved explicitly and exactly which simplifies their 




that complex geometric structures can be handled without undue computational resources 
(Tartakovsky et al., 2007).   
The model presented in this work builds upon a previous SPH model of diffusion 
and reactive interfaces with precipitation (J. Tan & Ryan, 2013; Jinwang Tan, Cannon, & 
Ryan, 2020; Jinwang Tan & Ryan, 2016a). However, the current iteration of the model was 
implemented in a new format using the open-sourced software called Large-scale 
Atomic/Molecular Massively Parallel Software (LAMMPS) (Plimpton, 1995a) developed 
at Sandia National Lab.  
2.2.1 Governing equations 
The model solves for the mass and species conservation near the electrode-
electrolyte interface, including the effects of an electric field, ionic diffusion-migration, 
and electrodeposition. The ion concentration at location 𝑟'###⃗  in the electrolyte, Ω' , is 
governed by the Nernst-Planck equation, which includes mass transport mechanisms by 
both diffusion and migration (Chazalviel, 1990), 
𝛿𝐶+,𝑟'###⃗ , 𝑡.
𝛿𝑡 = ∇ ∙ 2𝐷+∇𝐶+
,𝑟'###⃗ , 𝑡.4 + 𝜇+∇ ∙ 2𝐶+,𝑟'###⃗ , 𝑡.∇𝜙,𝑟'###⃗ , 𝑡.4 , 𝑟'###⃗ ∈ Ω', 𝑡 > 0 (2.1) 
where Ci is the concentration of species i, Di is the diffusion coefficient of species i, μi is 
the migration mobility coefficient of species i, and ϕ is the potential. 
In a binary electrolyte, the two oppositely charged ions, denoted with subscripts a 
and c for anions and cations respectively, are dissolved in the electrolyte solution and 
remain electrically neutral (Newman & Thomas-Alyea, 2004). If an electric potential is 




anions migrate away from the negatively charged electrode. As a result, the electric 
potential is altered by the charge disparity in the solution. The electric potential distribution 
is governed by the electrostatic Poisson equation (Newman & Thomas-Alyea, 2004), 
∇@𝜙,𝑟'###⃗ , 𝑡. = −
𝜌C
𝜖 , 𝑟'
###⃗ ∈ Ω', 𝑡 > 0 (2.2) 
where ρe is the electric charge density, 
𝜌C = 𝑒(𝑧G𝐶G − 𝑧H𝐶H), (2.3) 
e is the elementary charge, zc and za is the cation and anion electric charge, and 𝜖 is the 
permittivity constant of the electrolyte.   
During electrodeposition, cations (M+) are reduced at the electrode,  
𝑀K + 𝑒L → 𝑀. (2.4) 
This reaction is controlled by the reaction rate, k, and the ionic concentration at the 
electrode-electrolyte interface,	Γ. The reduction reaction rate is mainly controlled by the 
operating conditions of the process, although secondary reactions at the surface can also 
play a role in regulating the reaction rate (Nojabaee et al., 2020; Yoon, Jurng, Abraham, 
Lucht, & Guduru, 2020). A general first order reaction equation is implemented (Newman 
& Thomas-Alyea, 2004),  
𝑆R(𝑟R##⃗ , 𝑡) = 𝑘(𝑟R##⃗ ),𝐶H(𝑟R##⃗ , 𝑡) − 𝐶CT,H., 𝑟R##⃗ ∈ Γ, 𝑡 > 0, (2.5) 
that controls the deposition at the electrode surface and subsequent reactive interface. The 
model uses a first order reaction because the reduction reaction depends on the 
concentration of a single species (Li+). The boundary condition for cations at the interface 
is  




and there is a zero flux boundary condition for anions at the interface (Chazalviel, 1990),  
𝐷G∇𝐶G(𝑟R##⃗ , 𝑡) + 𝜇G𝐶G(𝑟R##⃗ , 𝑡)∇𝜙(𝑟R##⃗ , 𝑡) = 0, 𝑟R##⃗ ∈ Γ, 𝑡 > 0. (2.7) 
The total change in specific mass in the solid due to interactions with the fluid is given by 
𝛿𝑚(𝑟R##⃗ , 𝑡)
𝛿𝑡
= 𝑘(𝑟R##⃗ ),𝐶H(𝑟R##⃗ , 𝑡) − 𝐶CT,H., 𝑟R##⃗ ∈ Γ, 𝑡 > 0 (2.8) 
in order to balance the change in the fluid. The specific mass in the model is used to track 
the solute concentration in the solid particles and therefore has similar units as the 
concentration in the fluid particles. 
2.2.2 SPH discretization 
The governing equations are discretized using the SPH method to simulate 
diffusion, ionic migration and precipitation at the electrode-electrolyte interface. In SPH 
simulations, the domain is represented by particles which obey continuum scale mechanics 
that can be approximated by a linear combination of smoothed kernel functions centered 
around the particles (Monaghan, 2005). Each particle has a set of explicit properties, {a}, 







where ri, mi and ρi are the position, mass and density of the particle i, respectively. W is the 
SPH smoothing function, which is compact and non-zero up to the distance h from particle 
i. The distance between particle i and j is 𝑟"&###⃗ . Similarly, the gradient of the scalar field, 𝛻𝐴, 










Many forms of the smoothing function with continuous derivatives have been used in SPH 
modeling. An M6 smoothing function (Schoenberg, 1988),  





































2ℎ/3 ≤ i𝑟"&###⃗ i < ℎ	
0 ℎ < i𝑟"&###⃗ i
, (2.11) 
was used in this work where 𝛼 = op
qrstuv
 for two spatial dimensions.	𝑊,𝑟"&###⃗ , ℎ. will be 
denoted as 𝑊+]  in the following equations.  
2.2.3 Governing equations discretization 
The SPH model discretizes the computational domain into two sub-domains of 
particles: 𝛺'  is discretized with “fluid” particles that make up the electrolyte and 𝛺R  is 
discretized with “solid” particles that create the electrode and precipitates (Figure 2.1). 
Since there is no convection in the current model, both particle sets do not move but fluid 
particles can precipitate into solid particles and the solid particles can dissolve into fluid 
particles as described in Tartakovsky et al. (Tartakovsky et al., 2007).  
Each fluid particle has a concentration of both anions and cations and a local 
potential. Building upon the SPH formulation for diffusion by (Tartakovsky et al., 2007), 
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]∈'yz+{
−	𝑆|	, 𝑖 ∈ 𝑓𝑙𝑢𝑖𝑑	𝑝𝑎𝑟𝑡𝑖𝑐𝑙𝑒𝑠 (2.12) 
where the subscript c refers to the cation properties and Cc,i describes the cation 
concentration at position ri. The SPH-CSR formulation developed by (Ryan et al., 2010) 
reformulates the heterogeneous boundary condition of Eq. 2.4 as a homogeneous boundary 
condition and a volumetric source term, Sv. The volumetric source term is calculated from 
Ss (Eq. 2.4), a characteristic function (β), and the surface normal vectors (ni) 
𝑆 = 𝑆R \
𝑚]
𝜌]∈Ry+{
(𝑛####⃗ + 𝑛"###⃗ ),𝛽####⃗ + β"###⃗ .∇𝑊+,] (2.13) 











and 𝛽 is defined as, 
𝛽+ = 
𝛽' = 0, 𝑖 ∈ 𝑓𝑙𝑢𝑖𝑑	𝑝𝑎𝑟𝑡𝑖𝑐𝑙𝑒𝑠
𝛽R = 1, 𝑖 ∈ 𝑠𝑜𝑙𝑖𝑑	𝑝𝑎𝑟𝑡𝑖𝑐𝑙𝑒𝑠
(2.15) 
to distinguish the solid domain and the fluid domain. 
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Where the subscript a refers to anion properties and Ca,i describes the anion concentration 
at position ri.  








where the subscript i and j refers to particle i and j. The potential at the electrode/dendritic 
growth is the reference potential, which is equal to the ground potential, 
𝜙(𝑟R##⃗ , 𝑡) = 0, 𝑟R##⃗ ∈ Γ, t > 0 (2.18) 
and the potential in the bulk electrolyte (y=L) outside of the diffusion layer has a constant 
potential of 𝜙 relative to the reference potential,  
𝜙(𝑦 = 𝐿, 𝑡) = 𝜙, t > 0. (2.19) 
The use of a constant potential in the bulk electrolyte is based on calculations from 
Chazalviel (Chazalviel, 1990). The potential throughout the diffusion layer is calculated 
using the discretized electrostatic equation, Eq. 2.17. 
In the solid particles, diffusion and migration are neglected and the change of mass 
of solid balances the loss of solute in the liquid particles, 
𝑑𝑚+
𝑑𝑡 = 𝑘+
,𝐶+ − 𝐶CT. \
𝑚]
𝜌]∈Ry+{
(𝑛####⃗ + 𝑛"###⃗ ),𝛽####⃗ + β"###⃗ .∇𝑊+,]. (2.20) 
The process of precipitation and dendrite growth is simulated by tracking the mass, 




fluid particle precipitates and becomes a solid. The new solid particle has a mass of m0 and 
the original solid particle’s mass becomes (mi - m0). 
 
2.2.4 Verification and convergence studies 
To verify the implementation of the governing equations, several verification cases 
are considered to isolate different aspects of the physics including diffusion, precipitation, 
migration and the electrochemical potential. 
First to verify implementation of diffusion, a simulation with only diffusion and a 




𝐷∇𝐶 ∙ 𝒏 = 𝑘,𝐶 − 𝐶CT. (2.21𝑏) 
 






No plating/stripping or ionic migration is modeled. The analytical solution (Tartakovsky 
et al., 2007) to the 1D diffusion equation (Eq. 2.21a) with a reactive surface (Eq. 2.21b) is 
𝐶(𝑦, 𝑡) = \𝑎𝑒L
v sin[𝜆(𝐿¡ − 𝑦)] +
𝑘,𝐶 − 𝐶CT.
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[−𝜆¦𝐿¡¡ cos 𝜆¦𝐿¡¡ + sin 𝜆¦𝐿¡¡]
𝜆¦𝐿¡¡ − sin 𝜆¦𝐿¡¡ cos 𝜆¦𝐿¡¡
. (2.23) 




tan 𝜆𝐿′ . The SPH model implemented in LAMMPS can accurately predict the analytical 
solution with a maximum error of 3% and is shown in Figure 2.2a. 
Next, the implementation of precipitation is verified using the analytical solution. 
This analytical solution comes from (Tartakovsky et al., 2007). The precipitation is more 
complicated to calculate analytically because of the moving boundary but some 
simplifications can be made. The time derivative can be ignored for slow growth processes 
with small Peclet numbers. With this assumption, the analytical solution of the moving 
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where S(t) is the growth front position and S0 is the is the initial growth front position 
starting at the anode surface (Figure 2.1). This analytical solution is compared against the 
SPH model as shown in Figure 2.2b. Based on the data presented in Figure 2.2, the SPH 





The migration and electrochemical potential are also verified. The following 
verification cases presented here focuses on verifying the electrochemical potential and 
migration equations for two oppositely charged species. Two separate verification cases 
are presented; the first case considers the cation concentration change due to migration 
under a constant electric field. While the second case considers the concentration change 
for both cations and anions due to migration subject to a varying electric field. The electric 
field is concentration-dependent; it changes due to differences in local concentrations 
according to Eq. 2.2. For the second case, an analytical solution does not exist and so a 
comparison is made to numerical integration of the governing equations using the Runge-
Kutta method.  For both cases, the simulations were conducted in a square domain (0<x<L, 
0<y<L) and the one-dimensional concentration through the electrolyte was calculated by 
dividing L into n bins in the x dimension and then taking the mean of each bin. 
  
 
Figure 2.2. Verification cases comparing the SPH model to analytical solutions: (a) linear 













where 0 > x > L, the boundary conditions are 
𝐶(𝑥 = 0, 𝑡) = 𝑐(𝑥 = 𝐿, 𝑡) = 0, 
and the initial concentration is a Gaussian distribution, 







With a Gaussian distribution as the initial conditions, the governing equation (Eq. 2.24) 
has the analytical solution, 








In this case, the potential is governed by Poisson’s equation (Eq. 2.2) and the 
concentration is governed by the Nernst-Planck equation (Eq. 2.1) with the diffusivity set 
to zero. The concentrations for the anions and cations are subject to the initial concentration, 






and the boundary conditions are 𝐶H(𝑥 = 0, 𝑡) = 𝐶G(𝑥 = 0, 𝑡) = 1	and	𝐶H(𝑥 = 𝐿, 𝑡) =




smoothly because large disparities in concentration between the two species are non-
physical. 
For Case 1, both the SPH model and the Runge-Kutta method are compared to the 
analytical solution and in Case 2 the SPH model is compared to the Runge-Kutta method.  
As shown in Figure 2.3, the SPH model compares well to both Cases 1 and 2. The average 










where 𝐶¹,+ and 𝐶º,+ are the concentration predicted at location i for methods A and B over 
all particles, n. Eq. 2.28 is used to calculate the L1 relative error between the SPH method, 
analytical solution and Runge-Kutta numerical integrator. 
The effects of particle ordering on the SPH results were also considered. In both 
Cases 1 and 2, the SPH simulations were completed using particles placed with equal, 
ordered spacing. To consider the effects of disordered particles, Case 2 was also run with 
randomly spaced particles. The particles are disordered by shifting them randomly up to a 
maximum of 20% of their initial spacing. As seen in Figure 2.4, the ordered particle SPH 
simulation and the disordered particle SPH simulation compare well with a maximum 





 Additionally, spatial resolution was also considered for the SPH simulation of Case 
2. Figure 2.5 depicts the L1 error of the SPH simulations compared to the numerical 
integrator at different spatial resolutions as well as the time for the simulation to run ~1.3 
million time steps. Based on the relative low error and fast run time, L=128h was chosen 




Figure 2.3. (Left) Concentration profile for test Case 1 where the migration is driven by a 
constant electric field and compares the results of the analytical solution, the SPH model and 
the Runge-Kutta method with an L1 average error of less 1%. (Right) Concentration profile 










Figure 2.4. Concentration profile for the ordered and disordered SPH simulation for case 2 
with 0.12% difference. 
 
 
Figure 2.5. L1 error and computational run time for Case 2 between the SPH simulation and 





A dendritic growth convergence study was conducted to demonstrate the model's 
ability to accurately simulate dendritic growth. In Figure 2.5, simulations are presented at 
differing resolutions (Figure 2.5 left: L=64h and 65,536 particles, Figure 2.5 right: L=128h 
and 262,144 particles). The average growth fronts of the low- and high-resolution 
simulations were compared in Figure 2.6. The average growth fronts were calculated using  
 
 
Figure 2.6. Simulations of dendritic growth low (a) and high (b) spatial resolution. 
 
 
Figure 2.7. Average growth front for low and 
high spatial resolution along the x direction. 
 
 
Figure 2.7. Relative difference between the 
average growth fronts for low and high 




bin averaging in the x-dimension. The simulations at the two resolutions predict similar 
average growth fronts with less than 5% relative difference (Figure 2.7 and 2.8). 
2.2.5 Qualitative comparisons of Dendrite Growth 
Comparing the model against experimental data is challenging based on the 
embedded nature of dendrite growth. Several studies have attempted to visualize dendrite 
growth and morphology under different conditions (Cheng, Zhang, Zhao, & Zhang, 2017; 
Schneider et al., 2017; Wood et al., 2017). To further evaluate the SPH model’s ability to 
capture dendritic growth and morphology, a qualitative comparison is made to 
experimental data.  
Experimental data from (Schneider et al., 2017) on electrodeposition of copper 
under galvanostatic conditions under various growth rates and pulsed plating conditions 
were used for comparison to the SPH model. The  growth front lengths were plotted based 
on the experimental imaging (Figure 2.9b). The growth front length is a normalized length, 
to measure surface roughness. It is normalized by the length for a smooth surface such that 
a smoother deposition will have a value close to 1 and dendritic growth will have a value 
higher than 1. 
The first two experimental tests were conducted at a lower and higher growth rate. 
In the experimental work the higher growth rate condition used an applied current that was 
five times higher than that of the lower growth rate condition. These were conducted to 
provide baseline evidence for different electrodeposition regimes where the lower growth 
rate from lower applied current produces reaction rate limited conditions and relatively 




current produces mass transport limited conditions and high dendritic growth (Figure 2.8, 
bottom).   
At lower growth rates (Figure 2.9 top), the deposition was relatively uniform along 
the electrode surface as demonstrated by the normalized growth front length close to 1. The 
growth front moved in unison suggesting the system was reaction rate limited and the local 
current density was also relatively uniform. At higher growth rates (Figure 2.9, bottom), 
the applied current was increased 5x higher than the low growth rate conditions. The ionic 
deposition formed dendrites suggesting mass transport limited conditions. Under the high 
growth rate, the deposition morphology was a long, thin branching structure. There was 
rapid growth at the tips of the dendrites and hardly any deposition in the regions without 
dendrites. The normalized growth front length (Figure 2.9b) increased rapidly once there 
are mass transport limited condition for the reaction at the anode.  
 
Figure 2.9. Experimental observations of dendritic growth. (a) Images of dendrites under 
low growth rate (top) and high growth rate (bottom). (b) Measurements of the dendritic 





The SPH model is able to capture similar dendritic behavior. The reaction rate is 
the model parameter that is comparable to the applied current in the experimental tests. 
Initially, there is a 1 h thick layer of solid particles at y=0 and the rest of the domain is 
fluid particles. The concentration at y=L is held constant throughout the simulations to 
represent the concentration outside of the diffusion layer.  In Figure 2.10, a simulation of 
dendritic growth (grey) is presented at a high (left) and low (right) reaction rate. The high 
reaction rate is five times higher than the lower reaction rate, matching the conditions in 
the experimental tests. Long, thin dendritic branching occurs in the high reaction rate case 
and a more uniform deposition occurs at the lower reaction rate. 
 
The normalized growth front length at different times is shown in Figure 2.11. The 
curves for the low and high reaction rate simulations compare well with the trends of the 
growth front curves from the experimental tests. At the low reaction rate, the normalized 
 
Figure 2.10. SPH simulations of dendritic growth (grey) for a high reaction rate (left) and a 






growth front length remains between 1 and 2 indicating uniform deposition but at the 
higher reaction rate, the growth front length increases exponentially as expected when there 
are long dendrite growths and regions without growth. 
2.3 Conclusion 
In this chapter, I present the numerical model based on the SPH method for 
simulating mass transport and electrodeposition near an interface. The Nernst-Planck 
equations were implemented in the model to track concentration changes of two oppositely 
charged species due to diffusion and ionic migration. The Poisson equation is solved to 
calculate the local potential throughout the domain. The implementation of the Nernst-
Planck equation was verified with an analytical solution and a numerical integration 
method. The SPH model was shown to accurately reproduce the verification cases. 
 
Figure 2.11. Normalized growth front length for the SPH simulations of high reaction rate 





The SPH model was used to simulate dendritic growth from a reactive surface using 
a first order reaction equation. The dendritic morphology of the SPH model qualitatively 
matches the dendritic morphology of experimental data for a low and high reaction rate. 
Additionally, the growth front length of the dendrites for both reaction rates are measured. 
For the high reaction rate simulation and experimental test, the growth front increases 
exponentially, while the growth front length is stable for the low reaction rate test. The 




3. MICROSTRUCTURE OF BATTERY SEPARATORS AND THEIR EFFECT 
ON DENDRITE GROWTH 
 Porous separators are used to physically separate the electrodes in batteries, while 
providing mechanical stability, and improving the performance of lithium batteries. In this 
chapter, the effect of the battery separator microstructure on mass transport and lithium 
dendrite growth is investigated using pore-scale computational modeling. The 
microstructural characteristics of the separator, such as porosity, tortuosity and 
constrictivity, directly alter the diffusion paths for lithium ions during battery cycling. The 
accuracy of experimental relations, i.e. Bruggeman, MacMullin, used to determine these 
characteristics are unreliable.  A pore-scale computational model is used to simulate 
diffusion and dendrite growth utilizing an explicit representation of the separator 
microstructure (migration and current distributions are not included in these simulations). 
The simulation is compared to the empirical relations and shows that the experimental 
relations fail to adequately capture important physical characteristics in the microstructure 
of the separator. Tortuosity, a characteristic that is difficult to experimentally measure is 
shown to significantly affect the growth rate of dendrites and can lead to a shorter lifetime 
in the battery. Additionally, the degree of heterogeneity in a battery separator is explored 
and shown to lead to different dendrite growth rates even when the bulk physical 
characteristics of the separators are the same. Evidence provided in this chapter suggests 
that neglecting local variation of these properties can lead to non-uniform diffusion and in 
turn, problematic dendritic growth.  The findings offer insight into properties not often 





One of the main components of the battery that drives non-uniform mass transport 
through the electrolyte is the porous separator which is primarily used to physically isolate 
the electrodes and prevent short circuits. Recent investigations have begun to develop 
separators that have additional functionalities in the battery system (Hao et al., 2020). 
These functionalities are, in general, of two types: improved mass transport and disruption 
of dendritic growth on the anode surface.  
To improve mass transport, some researchers increased the wettability of separators. 
Increased separator wettability leads to increased Li ion conductivity and transference 
number.  Yang et al. (Y. Yang, Wang, Li, Li, & Zhang, 2020) and Nie et al. (Nie et al., 
2019) have turned to biology for inspiration; their separators are coated with a layer of 
biologically inspired nanofibers. These layers increase electrolyte wettability and 
redistribute the Li ions at the molecular level which both increase the ionic diffusion and 
enable a more uniform ionic flux. Wang et al. (Jianan Wang et al., 2020) used a two 
dimensional hexagonal VS2 flake to assemble “nanotowers” on the surface of the separator. 
The “nanotowers” have “lithiophilic” properties which encourage uniform ionic deposition 
on the anode surface. While Rajendran et al. recently demonstrated the potential of a carbon 
nanomembrane to regulate ion transport through a Celgard membrane (Rajendran et al., 
2021). 
Other investigations focus on the disruption of dendritic growth along the anode 
surface. Zhang et al. (X. Zhang et al., 2019) suggest that simply maintaining consistent 




pressure, dendritic growth halts but deposition continues along the anode and does not 
impede battery charging. Liang et al. (J. Liang et al., 2020) developed a separator coating 
that prevents dendrites from penetrating the separator by deflecting dendrites with a “nano-
shield.” These “nano-shields” have a larger curvature (than the separator) which redirects 
the tip of the dendrite away from the separator. Lee et al. (Lee et al., 2017) coated the anode 
side of a commercial separator with an ultrathin layer (<100 nm) of copper. The thin 
coating does not block the pores of the polyethylene separator but acts as a secondary 
current collector where Li ions can deposit (in addition to the anode). These researchers 
report an increase in cycling stability and a reduction in “dead” lithium which are both 
attributed to the manipulation of the dendrite morphology. 
While these recent advances show promise, in this chapter, evidence is presented 
that one of the main sources of the non-uniformity is the microstructure of the separator. 
This claim is supported by experimental researchers who have created ultrafine (Nagasaki 
& Kanamura, 2019) and nanoporous (Ma et al., 2018; Rajendran et al., 2021; Rao et al., 
2020) membranes. These novel membranes are able to enforce a more uniform ionic flux 
to the anode surface by creating a homogenous microstructure. The microstructure of the 
separator (geometrical parameters such as porosity, tortuosity and constrictivity) are one 
of the main determinants of the mass transport through the separator. However these 
parameters can be difficult to experimentally measure and define;  previous research has 
attempted to establish relationships and correlations between these parameters (Chung, 
Ebner, Ely, Wood, & Edwin García, 2013; García-García & García, 2016; Holzer et al., 




Usseglio-Viretta et al., 2018; Zacharias et al., 2012).  Other methods for measuring these 
parameters involve computationally meshing the porous network and  then calculating 
distributions of parameters (Armatas, 2006). While these methods may be useful in some 
fields, such as subsurface transport (Salem & Chilingarian, 2000), they overly simplify the 
geometric parameters of battery separators. The small scales at which batteries operate 
heighten the importance of the precise measurement of these parameters.  
The microstructure of the separator also effects the structural integrity of the 
separator. Kalnaus et al. (Kalnaus, Wang, & Turner, 2017) tested several popular battery 
separator’s mechanical behavior. They concluded that Celgard® separators display strong 
anisotropy and heterogeneity, which decreases the mechanical integrity of the separator.  
This characteristic behavior provides further evidence that the heterogeneous geometrical 
parameters can lead to critical strain failure in battery separators. 
Furthermore, most methods for quantifying these geometrical parameters, whether 
via experimental measurement or correlations, are only able to determine bulk values, 
disregarding any heterogeneities in the structure (Marie Francine Lagadec, Zahn, & Wood, 
2019). These heterogeneities create a non-uniform current density which directly 
influences dendritic growth; therefore regulating the separator’s heterogeneity can lead to 
better control of dendrite growth (García-García & García, 2016; Kehrwald, Shearing, 
Brandon, Sinha, & Harris, 2011) and charging efficiency (Cheng et al., 2017; Lv et al., 
2015).  
Experimental measurement and characterization of separators at a pore-scale is 




study has explored the effect that simple structures have on dendrite morphology (Jinwang 
Tan & Ryan, 2016b). In this chapter, I build on those findings and present a pore-scale 
computational model using explicit separator structures to explore the effects of porosity, 
tortuosity and constrictivity on mass transport and dendrite growth, and how 
heterogeneities effect dendrite growth. The next section discusses the parametric studies 
looking at how separator geometry affects the mass transport through the electrolyte and 
dendrite growth rates. Finally, with advanced imaging and processing of Celgard®  
separators by Wood et al. (Marie Francine Lagadec et al., 2019), there are now detailed 
structural representations of commercially available separators, in addition to their 
electrochemical properties. These digital representations of porous separators are explicitly 
reconstructed inside the model and comparisons are made to experimental measurements. 
The effects of non-uniformity on both simplistic and realistic structures of porous battery 
separators are shown, which will provide insight into future considerations for the design 






Porous separators are commonly produced by first extruding a polymer 
(polypropylene or polyethylene) and then stretching it to create micro tears that act as pores, 
Figure 1. These materials are used because they are relatively inexpensive and stable. 
Complex pathways through the separator are often created by the micro tears; researchers 
are also developing novel separators that have pathways created from different 
manufacturing processes (J. K. Kim et al., 2017). The thickness of the separator is typically 
25-40 μm for commercial Li ion batteries (Lithium-Ion Batteries: Basics and Applications, 
2018).  
The increased diffusion length through the pathways of the separator reduce the 
effective diffusivity and ionic conductivity of the electrolyte. The combined effects of the 
separator and electrolyte on diffusivity (or ionic conductivity) is referred to as the effective 
diffusivity, Deff, (effective ionic conductivity, σeff) to differentiate it from the inherent 
molecular diffusivity (conductivity) of the electrolyte, D0 (σ0) (Newman & Thomas-Alyea, 
	
Figure 3.1. SEM of a Celgard® 2325 separator used in lithium ion batteries: (a) top view and 
(b) cross section.  Reprinted with permission from (Arora & Zhang, 2004). Copyright 2004 





2004). The ratio of the molecular diffusivity (conductivity) to the effective diffusivity 
(conductivity) is known as the MacMullin number (Epstein, 1989; Landesfeind, 









The value of the effective diffusivity (conductivity) is the result of the physical 
characteristics of the porous separator, such as porosity, tortuosity, and pore size. 
Additionally, the separator thickness, permeability and constrictivity are known to effect 
local mass transport and are critical to battery performance (Arora & Zhang, 2004).  
The porosity, ε, is the ratio of non-solid volume to the total volume, usually ranging 
from 0.35 to 0.6 for battery separators (Lithium-Ion Batteries: Basics and Applications, 
2018). There are many experimental techniques for determining porosity (S. S. Zhang, 
2007).  





where Amin is the minimum cross-sectional area along the pore and Amax is the maximum 
cross-sectional area along the pore. 
The tortuosity, τ, is a more complicated property to define and determine. The 
literature defines a few types of tortuosity (Landesfeind et al., 2016; Tjaden, Brett, et al., 
2016). The most common tortuosity is defined by the ratio of the shortest length of a path 









However, this definition does not consider pore size changes along the path which 
are characterized by the constrictivity, β. Accounting for pore size via the constrictivity 





Directly measuring tortuosity using experimental techniques is challenging, and so 
correlations have been developed. These correlations were first used to analyze sediment 
and porous materials  (MacMullin & Muccini, 1956). One method is measuring the time it 
takes to pump 100 cm3 of air through an area of 6.45 cm2 of a porous medium under a 
pressure differential of 1.22 kPa. This time is known as the Gurley Number and is thought 
to be related to the tortuosity (Engblom, Myland, Oldham, Taylor, & Topic, 2003; 
Landesfeind et al., 2016).  
Another method was developed for diffusion along capillary paths (MacMullin & 





With the porosity and MacMullin number known, the tortuosity is solved for. 
The tortuosity is also calculated using a simple empirical correlation with the 
porosity. This correlation was initially explored in the hydrology field (Ullman & Aller, 




electrochemistry. The most common adaptation is the Bruggeman relation (Bruggeman, 
1935; Patel, Paulsen, & Desilvestro, 2003),  
𝜏 = 𝛾𝜀¥LÃ, (3.5) 
where α, the Bruggeman exponent, typically has a value of 1.5 or 2, and γ, a geometric 
fitting parameter, takes a value of 1 when the porous media is made of spherical particles. 
These values are typically used for battery materials. Variations of the Bruggeman equation 
and other phenomenological relations have been reported to relate porosity and tortuosity 
(Sun, Tang, & Cheng, 2013); however, this work will focus on the Bruggeman relation as 
it is the most common relation used for electrochemical systems. By combining Eqs. 3.4 
& 3.5, the relationship between Nm and the physical parameters becomes, 
𝑁¦ =	 𝜀LÃ, (3.6) 
where γ is equal to 1.  Eq. 3.6 can be used to predict the effective diffusivity through a 
porous separator or the tortuosity when the diffusivity of the electrolyte is known (Ehrl, 
Landesfeind, Wall, & Gasteiger, 2017).  
Another important consideration in designing battery separators is their 
homogeneity. The microstructural characteristics of the separator are not uniform. 
Manufacturers of battery separators typically provide an average value for the porosity and 
thickness of separators and researchers (Marie Francine Lagadec et al., 2019) report bulk 
values of electrochemical properties (i.e. mass transport). These bulk parameters use a 
macro-homogeneous approach to characterizing the separator and ignore the 
heterogeneous nature of the structure. In the research reported in this paper,  the local 




Celgard® polypropylene separators are recreated from SEM images (Marie Francine 
Lagadec, 2018).   
Ultimately, the physical characteristics of the battery separator contribute to a 
decrease in mass transport in the electrolyte. The magnitude and location of this decrease 
can change the morphology of the dendrite structure along the anode surface. At higher 
local effective diffusivities, the dendrite morphology is controlled by the reaction rate 
(Brissot, Rosso, Chazalviel, & Lascaud, 1999). The Li deposition in this regime across the 
anode surface creates uniform plating or small bush-like dendrites. However, when the 
effective diffusivity is lowered by decreasing the porosity or increasing the tortuosity of 
the separator, the morphology becomes controlled by the mass transport. The structure of 
the dendrite is longer, thinner and has more branches. This mass transport limited regime 
is where problematic dendrites occur. The thinner dendrites are more likely to break off the 
anode, forming “dead” lithium, and the longer dendrites can penetrate the battery separator 
and cause a short circuit and cell failure (Steiger, Kramer, & Mönig, 2014).  
3.3 Methods 
The model explicitly resolves the separator structure and does not rely on the porous 
media parameters, such as correlational values or experimental fits of porosity, tortuosity 
or pore size, as inputs, as shown in the schematic of Figure 3.2. This allows the model to 
directly calculate these values and investigate the effects of them on dendrite growth.  The 
grey geometries in the schematic of Figure 3.2 represent the battery separator, which are 
non-reactive solids that restrict the transport of Li+, and the red structure represents the 





The simulations presented here focuses on the effect the separator microstructure 
has on mass transport in the bulk electrolyte and the reactive mass transport at the anode-
electrolyte interface. As such, a number of simplifications are made to allow isolation of 
the mass transfer and separator microstructure effects. These simplifications include a 
concentration independent diffusivity, which is common for the range of concentrations 
used in this study (Chazalviel, 1990; Elezgaray, Léger, & Argoul, 1998); neglecting the 
mechanical dendrite-separator interaction (the simulation is ended before critical dendrite 
penetration of the separator); not including potential or electro-convection effects; and 
ignoring secondary reactions. These types of simplifications are commonly used in 
modeling to isolate particular phenomena, and some of these effects are the focus of further 
research in our group. Further, in line with other models of interfacial physics, such as 
phase field models(L. Chen et al., 2015; Jana et al., 2015; L. Liang et al., 2012; Yurkiv, 
 
Figure 3.2. Schematic of the simulation domain. The anode and dendrite growth are 
represented in red along the bottom and the separator in the electrolyte is represented by 





Foroozan, Ramasubramanian, Shahbazian-Yassar, & Mashayek, 2018), the mass transport 
and dendritic growth is considered in two dimensions. While there may be some 
discrepancy between the results of 2-D simulations and the 3-D experiments, there is still 
a great deal of value in understanding the essential interaction between the separators 
geometry and mass transport. These simplifications are made to isolate the direct effects 
the separator microstructure has on the reactive mass transport and dendrite growth but are 
not meant to be a complete model of battery physics, which is an ongoing area of research 
in our own laboratory and the broader computational modeling community.  
3.3.1 Effective diffusivity calculations 
To calculate the effective diffusivity through the separator, first a 2D simulation is 
conducted with the desired microstructure and electrolyte with a diffusivity, D0. This 
microstructure restricts the diffusion of the Li+ through the liquid electrolyte. The 
concentration of the 2D simulation is averaged over the y-dimension which collapses the 
domain into a 1D concentration profile. The concentration profile is then used as the 







with constant concentration at the boundaries, C1 at x = 0 and C2 at x = l, and an initial 
concentration of C0 across the entire domain, 0 < x < l. The solution for these conditions 
are laid out by Crank (Crank, 1975),   
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The concentration profile, C(x, t), from the simulation is the solution to Eq. 3.8. and the 
diffusivity, D, is calculated. This calculated diffusivity implicitly includes information 
about the diffusion through the separator and therefore is now the effective diffusivity, Deff.  
This method is verified by calculating the diffusivity predicted by the SPH model 
for 1-D diffusion in a single phase. As shown in Figure 3.3, the model accurately predicts 
the diffusion when compared to the analytical solution, and the diffusivity calculated by 
the predicted concentrations (9.514 μm2/s) is within 5% of the actual diffusivity (10 μm2/s). 
This small discrepancy can be attributed to the disordered particle distribution which 
creates some noise in the model. 
 
 
Figure 3.3. Local electrolyte concentration vs. position in the electrolyte for both the 





3.3.2 Tortuosity calculations 
In this study, the exact definition of tortuosity given in Eq. 3.3b is considered. With 
computational methods the tortuosity can be calculated using path planning methods from 
computer science. In the pore-scale SPH model, the porous structure is explicitly modelled 
and therefore the exact structural information about the separator is known. Using the A* 
(Hart, Nilsson, & Raphael, 1968) and Dijkstra’s shortest path algorithms (Dijkstra, 1959; 
Virtanen et al., 2020), widely used in the computer science field for path planning, the 
guaranteed shortest distance between two points is found, or in this case, between a point 
and a side. Figure 3.4 illustrates the tortuosity paths calculated using these methods. 
Starting at each computational point (particle) along the cathode side of the separator, the 
path (red lines) to reach the other side near the anode is determined. The path length divided 
by the separator thickness gives the tortuosity at each starting location. These path lengths 
 






can then either be averaged along the surface of the entire separator to give a bulk tortuosity 
value or divided into bins along the surface to give a local tortuosity value. 
3.3.3 Breakthrough time calculation 
The effects of the geometric parameters on dendrite growth are quantified using a 
breakthrough time. This time is defined as the time it takes dendrite growth to reach the 
bottom of the separator, which we set as our breakthrough line (Figure 3.5). This metric 
was selected because the main objective is the avoidance of this behavior, i.e. dendrites 
penetrating and growing through separators. The breakthrough times are normalized 
against the time it takes for a dendrite to grow to the breakthrough line without a separator 
in the electrolyte of the simulation. 
In the parametric studies discussed in this chapter, the molecular diffusivity of the 
electrolyte and the reaction rate of precipitation are held constant. This allows our 
discussion to focus on effects of altering the geometric parameters on dendrite growth.  The 
breakthrough time provides a quantitative measurement for these studies. While this may 
not be the perfect metric, there are no other metrics to correlate the heterogeneities of a 
separator and the subsequent dendrite growth. I have not found any experimental data that 
tries to relate these phenomena, most likely because doing so is extremely difficult with 
 





current techniques; experimental observations of dendritic growth are not conducted with 
a separator.  However, as stated previously, non-uniform mass transport to and at the anode 
surface is the main driver in dendrite growth. The breakthrough time metric is one way to 
evaluate this relationship. 
3.4 Results and discussion 
Four different scenarios were considered to understand the effects of separator 
microstructure on mass transport and dendrite growth. The first two scenarios explore the 
relationship between the mass transport and microstructure (excluding dendrite growth). 
The last two scenarios include dendrite growth.  
First, both regularly and randomly created, porous geometries are studied to 
determine how the theoretical relations of Bruggeman and MacMullin compare to the 
explicitly measured microstructure. Second, due to the difficulty in decoupling 
constrictivity, porosity, and tortuosity in porous separators, idealized homogeneous 
channel separators are created to highlight the effect these parameters have on the 
MacMullin number (Eq. 3.1). In the third scenario, two idealized heterogeneous channel 
separators are compared to understand both the MacMullin number and dendrite growth 
using the breakthrough time. The last scenario explicitly models the microstructure of 
Celgard® separators to explore the effect its complicated, heterogeneous microstructure 




3.4.1 Circular Inclusions and the Bruggeman and MacMullin Correlations 
The first scenario examines the accuracy of the relations laid out by Bruggeman, which 
relates the MacMullin number to the porosity (Eq. 3.6). For this scenario, simulation 
domains with both regularly spaced and randomly spaced circular inclusions are used 
(Figure 3.6). (The center position of the inclusions are selected using the random number 
generator in the numpy package in Python (Harris et al., 2020).) The porosity was varied 
by changing the radius of the circular inclusions. As can be seen in Figure 3.6, for a given 
porosity, a uniform radius was used for all inclusions.  
For each test, the SPH simulation was run to calculate an effective diffusivity for 
the porous separator, using the approach described in the previous. This effective 
diffusivity is then used to calculate the MacMullin number via Eqs. 3.1 & 3.14.  
In Figure 3.7, a comparison is made between the MacMullin number calculated 
with the SPH model (Eq. 3.1) and the MacMullin number predicted using Eq. 3.4 with the 
 
Figure 3.6. Simulations of diffusion through a porous separator with constant concentration 
boundary conditions at the top and bottom of the domain for circular inclusions that are 
randomly placed (left) and regularly placed (right) at the same overall porosity. 
 
 
Figure 3.6. Simulations of diffusion through a porous separator with 
constant concentration boundary conditions at the top and bottom 
of the domain for circular inclusions that are randomly placed (left) 




porosity varied and the two common α values used in Eq. 3.4. For regularly spaced 
inclusions, the MacMullin number predicted by Eq. 3.4 is lower than that predicted by the 
SPH model by approximately four across all porosities. For randomly spaced inclusions, 
there is little predictive ability from Eq. 3.4 even if the general trend (that the MacMullin 
number decreases with increasing porosity) is correct. The results of Figure 3.7 show that 
the empirical relation of Eq. 3.4 is not able to accurately predict the MacMullin number.  
 
3.4.2 Idealized, homogeneous geometries and the Bruggeman and MacMullin 
Correlations 
Idealized channel separators are utilized to simplify and understand the effects of 
the porosity, tortuosity and constrictivity on mass transport. The idealized channel 
separators allow the different separator characteristics to be decoupled. The constrictivity 
is isolated first, then the porosity and tortuosity. This scenario tests the assumptions made 
 
Figure 3.7. Comparison of MacMullin number (Nm) to porosity for regularly and randomly 





in Eqs. 3.3b & 3.4 and frequently used when characterizing separators. Using the approach 
laid out in the previous section, the SPH model is used to calculate the effective diffusivity 
and MacMullin number.  
To understand how constrictivity (β) impacts the effective diffusivity and the 
MacMullin number, three cases (A, B, C) of channel geometries were considered. The 
cases start with a constrictivity of 1 (straight, even channels) at three different porosities: 
0.605 for A, 0.494 for B and 0.384 for C. Then the channels are increasingly constricted, 
which decreases the β value and the porosity. All cases have a tortuosity of 1.2. The 
constrictivity of each case is calculated via Eq. 3.2 where Amin and Amax are defined as 
shown in Figure 3.8. Decreasing the constrictivity has an impact on porosity. However, the 
purpose of these cases are to isolate the constrictivity and determine if it impacts the 
MacMullin number beyond its impact on the porosity.  
The MacMullin number calculated by the effective diffusivity of the pore-scale 
SPH model is compared to the empirical relations rewritten in terms of τgeo, which accounts 





Note that Eq. 3.9 simplifies to Eq. 3.4 when the β goes to unity.  
As seen in Figure 3.9, the MacMullin number calculated via Eq. 3.9 has a large 
dependence on the constrictivity; while the SPH model shows the MacMullin number to 
be nearly independent of constrictivity (β). Additionally, when constrictivity goes to unity, 
Eq. 3.9 is equal to Eq. 3.4, even in this case the relationship predicts a different MacMullin 






Figure 3.8. Idealized separator channels for altering constrictivity. Top row (case B) has a 
lower porosity than the bottom row (case C). Left side has no constrictivity, β is unity. 
 
 
Figure 3.9. Comparison of MacMullin number (Nm) calculated from the pore-scale SPH 





To further explore the effects of geometric parameters on predictions of the 
MacMullin number, the porosity and tortuosity were considered using baffled channels, 
which allow decoupling between the porosity and tortuosity (Figure 3.10).  
Two testing campaigns were conducted: the first has a constant tortuosity and 
varying porosity and the second has a constant porosity and varying tortuosity. The 
simulation results in Figure 3.11 show that the MacMullin number decreases nearly linearly 
(red symbol) with increasing porosity (and constant tortuosity). Alternatively, as tortuosity 
increases (blue symbol) MacMullin number increases (with constant porosity).  
The values of the MacMullin numbers calculated from the correlation of Eq. 3.4 
with the measured porosity and tortuosity of the channel structures are presented in Figure 
3.11 as solid lines. The correlation of Eq. 3.4 varies significantly from the numerical results 
(symbols) which calculate the actual effective diffusivity of the channel structure. It 
 
Figure 3.10. Idealized channel separators used to decouple porosity and tortuosity for Nm 
calculations. Top row images are simulations with the same porosity and different 






suggests that tortuosity is an important property to consider for determining the impact a 
battery separator has on mass transport and that direct measurements of tortuosity should 
be made. Using an experimental fit with porosity values is not sufficient to capture the 
effects of microstructure. 
 
3.4.3 Idealized heterogeneous microstructures 
The scenarios considered in the previous subsections show that the geometric 
properties of the separator have a significant effect on predicted MacMullin numbers and 
that many of the empirical relations (Eqs. 3.4, 3.6, 3.9) do not capture the full effects of the 
porosity, tortuosity and constrictivity on effective diffusivity and MacMullin number. In 
addition to the geometric parameters, the heterogeneity of the separator also plays a critical 
role in the overall and local mass transport through the separator. Often the bulk 
measurements of different separators can be similar but this does not necessarily mean that 
the distribution of these characteristics are similar. The bulk measurements can obscure 
 
Figure 3.11. Data from two sets of idealized channel separator simulations and their 
corresponding empirical Nm predictions (solid lines) of Eq.4. Red star is the simulation 
data for varying porosities with a constant tortuosity of 1.2. Blue circle is the simulation 





imperfections in the separators, which lead to problematic dendritic growth. 
To study the effect of heterogeneity, simulations with the idealized baffled channel 
geometry but differing tortuosity and porosity for each channel were used (Figure 3.12). In 
the contour plots of Figure 3.12, the Li plating (red) is occurring non-uniformly across the 
bottom of the domain. The uneven plating leads to run away dendrite growth which can 
lead to safety issues. As indicated in Table 3.1, four cases were considered (D, E, F, G) 
which each have a range of porosities and tortuosities throughout their domains. 
For these simulations the MacMullin number is calculated as discussed in the 
previous subsections, and dendritic growth is also included. Dendrite growth is included 
via a first order reactive boundary condition (Eq. 2.8) at the bottom of the simulation 
domain. 
The local MacMullin number is calculated for individual channels within the 
 
Figure 3.12.  Idealized heterogeneous channel separators with dendrite growth along the 
anode (bottom, red). The geometry inside each channel is varied producing heterogeneity of 
both porosity and tortuosity throughout the domain. The average values of porosity and 
tortuosity are the same but the range is different resulting in different breakthrough times. 




domain. As shown in Table 3.1, Cases D and F have similar average geometrical properties, 
and Cases E and G have similar average geometrical properties. For both sets of cases (D 
and F, and E and G) there is a large range of local MacMullin numbers but similar averages. 
There are two sets of cases so the degree of heterogeneity can be examined. Cases D and 
E have larger ranges of tortuosities, while cases F and G have smaller ranges of tortuosities. 
Tortuosity was altered in this manner because in the previous section it was found to 
contribute more significantly to the MacMullin number than the porosity. 
These cases were selected so that their average MacMullin numbers and the average 
geometric properties would be similar. They further show that even if the averages are 
similar, inside the separator the properties can vary dramatically. A breakthrough occurs 
5% sooner in case D than in case F despite case D having similar bulk diffusivity to case F 
(Figure 3.12). A breakthrough occurs 15% sooner in case E than in case G despite case E 
having similar bulk diffusivity to case G. Therefore, measuring the bulk effective 
diffusivity will not provide any information about the effect of the microstructural 
heterogeneity on Li plating and dendrite formation. This is critical in battery separators 
because dendrite growth is known to nucleate near heterogeneities and the growth rate will 
depend on local mass transport, not an effective bulk transport. 
Table 3.1. Microstructural properties and calculated MacMullin numbers for idealized 
heterogeneous channel separators.  
 
Porosity (ε) Tortuosity (𝜏geo) 
Nm Calculated from 
SPH model Breakthrough time 
  Average Min Max Average Min Max Average Min Max Average Min Max 
Case D 0.45 0.43 0.48 1.63 1.40 1.96 14.70 13.01 17.21 8.03 6.85 8.83 
Case E 0.55 0.53 0.58 1.24 1.21 1.35 8.54 6.81 10.72 3.76 2.65 5.35 
Case F 0.45 0.43 0.48 1.63 1.53 1.82 14.90 13.76 16.02 7.79 7.11 8.71 




3.4.4 Heterogeneity and dendrite growth with Celgard ® separators 
Although, the previous idealized cases offered some insight into the effects of 
heterogeneous microstructure on mass transport and dendrite growth, further insight can 
be achieved by using explicit representations of Celgard® separators. These separators 
were imaged with a SEM at 10 nm resolution (Figure 3.13 top) by Woods et al. (Marie 
Francine Lagadec, Ebner, Zahn, & Wood, 2016). The microstructure was reconstructed 
from these SEM images for use in the SPH modeling of this work. In the simulation, the 
resolution is upscaled to 20 nm per model particle (Figure 3.13 bottom).  
The dimensions of the separator slice are 13 μm x 6.5 μm and 5 slices were used in 
different simulations. To translate the separator into 2D, small edits were made to ensure 
 
Figure 3.13. (Top) SEM image of the Celgard®  separator with white region as pores and 
black region as separator (”Microstructure of Celgard® PP1615 Lithium-Ion Battery 
Separator” by M. Lagadec et al. is licensed under CC BY-NC-SA 4.0) (Marie Francine 
Lagadec, 2018) .(Bottom) Image of simulation of diffusion and dendrite growth using 





open pores. In order to measure the heterogeneity of the separator’s microstructure, each 
separator was divided into 26 regions, measuring 0.5 μm x 6.5 μm. The region shapes were 
selected to roughly capture the pathways that Li ions travel during charging. They are also 
at the scale of initial dendritic growth. The porosity, tortuosity, effective diffusivity, and 
breakthrough time were calculated from the SPH simulations for each region. The ranges 
of these measurements are shown in Figure 3.14. 
The bulk porosity, tortuosity, and MacMullin number for the Celgard®  separator 
reported by Wood et al. (M. F. Lagadec, Zahn, Müller, & Wood, 2018) are respectively 
0.402, 2.31, and 5.68 and are similar to the bulk values in this work. The range of porosity 
 
Figure 3.14. Histograms of microstructural properties and the effects on diffusivity and 
dendrite growth. Porosity and tortuosity (top row) measurements are made along 0.5 μm 
sections of the separator. The MacMullin number and breakthrough time is calculated for 





and tortuosity values lead to a range of MacMullin numbers and breakthrough times.  
However, the bulk values are only reported by the manufacturer and do not capture some 
regions that have lower MacMullin numbers (faster transport). Regions have lower 
MacMullin numbers because the local microstructure, e.g. porosity and tortuosity, does not 
restrict transport as severely as regions with higher MacMullin numbers. In Figure 3.15, a 
region of the separator is highlighted to show the higher porosity (0.49) and lower 
tortuosity (1.1) which leads to a lower MacMullin number (1.6). 
The regions with lower MacMullin numbers are the regions that have the fastest 
breakthrough time. This indicates that these regions have dendrites that grow much faster 
than others which can lead to battery failure. The results of the simulations using the 
Celgard® separators and dendrite growth suggest that using highly homogenous battery 
separators could suppress dendrite growth. A homogeneous battery separator would create 
uniform mass transport through the electrolyte and uniform deposition on the anode surface.  
 
Figure 3.15. A region of the Celgard® separator with higher porosity, lower tortuosity and 
lower MacMullin number. This region has a lower breakthrough time compared to the rest of 
this separator. This region exhibits faster dendrite growth that would not be evident if the 







The current empirical methods for calculating the tortuosity, MacMullin number 
and effective diffusivity do not capture the full effects that the microstructure has on these 
parameters, and are inadequate for determining the effect a battery’s separator will have on 
dendritic growth. Describing the MacMullin number as a simple function of porosity (Eq. 
3.6) neglects the effects of tortuosity on local mass transfer, which we show has a 
significant effect on the effective diffusivity and MacMullin number. Additionally, 
calculating the tortuosity from empirical relations that are only a function of porosity 
ignores that microstructures can have the same porosity but different tortuosities as shown 
in Figure 3.11. It has been demonstrated that these parameters need to be measured 
independently. In addition, the influence of constrictivity on MacMullin number is 
significantly less than that predicted by empirical relations (Eq. 3.9). Care should be taken 
in the use of empirical relations, with the understanding that their accuracy is not 
guaranteed and that they were developed based on a fit to a specific dataset and are not 
universally applicable.  
In addition to the measurement and calculation of microstructural parameters, there 
is also the challenge of accounting for heterogeneities in the microstructure. Bulk 
parameters, such as porosity and tortuosity, can be misleading when determining the cause 
of failure in a battery and are not sufficient when developing complex and potentially 
dangerous technologies such as Li batteries. Microstructures with the same average (bulk) 
properties predict significantly different breakthrough times for dendrite growth due to the 




heterogeneous microstructure of the battery separators should be considered in the design 
of new systems and in the study of battery failure. This is clearly seen in the experimental 
Celgard® separator. The model is able to accurately predict the experimental MacMullin 
number; however, the local heterogeneities that are not captured by the MacMullin number 
are critical to dendrite growth.  
More control over and understanding of ranges of values of local properties are 
needed and the ability to manufacture more homogeneous battery separators are needed in 
order to ensure more uniform mass transport inside the electrolyte and suppression of 
dendritic growth. Increased control over the separator microstructure through advanced 
fabrication techniques could improve battery performance and become an important area 
of experimental design for advanced batteries. Finally, better characterization tools that can 
resolve the separator microstructures and their effects on local ion concentrations and 
changes in the electrode interface could improve modeling efforts and lead to more 





4. SIMULATING DENDRITE GROWTH IN LMBS UNDER CYCLING 
CONDITIONS 
Studies have shown that the lifetime and performance of lithium batteries are 
greatly influenced by the charge/discharge cycles of the battery. The number of cycles over 
which a battery operates depends on the rate and depth of charge/discharge. Degradation 
in battery performance over multiple cycles is directly related to dendrite growth at the 
electrode-electrolyte interface in the battery. Understanding how cycling effects dendrite 
growth rates and morphology requires resolution of the chemical-physical processes at the 
electrode-electrolyte interface. In this chapter, dendrite growth over multiple 
charge/discharge cycles is simulated at the interfacial level where the effects on dendrite 
growth rate and morphology can be resolved. The simulations are able to predict qualitative 
dendrite morphologies presented in experimental studies, and the effects of fast charging 
scenarios on dendrite growth rate and morphology are discussed. 
 
4.1 Introduction 
Over multiple charge and discharge cycles, the formation of dendrites at the 
interface results in: reduced Li availability for the electrochemical reactions, disruption in 
Li transport through the interface and increased safety concerns due to short-circuiting. The 
plating and stripping of Li ions along the Li metal anode is directly impacted by the type 
of charging and discharging. This process differs from lithium ion batteries where the Li 
ions intercalate into the anode (i.e. graphite). In both instances, dendrite growth and 
dissolution can occur if there is heterogeneous current densities. 




currents are determined by the operation and application of the battery. However, the 
charge currents are decided by the manufacturer, and provide a potential path for improved 
cycle life. The standard charging scheme is the constant current constant voltage (CCCV) 
protocol. Other protocols are being investigated to improve charge stored, efficiency and 
cycle life, including multistage constant current charging, pulsed charging, fast charging, 
and boost charging(Keil & Jossen, 2016). Several studies have shown that pulsed charging 
has the potential to inhibit dendrite growth and allow charging at high currents with no 
deterioration (Aryanfar et al., 2014; Kasemchainan et al., 2019; Keil & Jossen, 2016; 
Mayers, Kaminski, & Miller, 2012). The length of the pulses plays a critical role in the 
potential of pulsed charging to mitigating dendrite growth. Both boost and fast charging 
schemes have been shown to hurt cycle life, which is assumed to occur due to Li plating 
(Keil & Jossen, 2016). Pulsed charging has been proposed as a means to allow fast charging 
without detrimental effects on cycle life (H. Yang, Fey, Trimm, Dimitrov, & Whittingham, 
2014). Better understanding the effects of charging current and voltage and the protocols 
under which they are applied are needed to improve Li battery performance.  
Batteries need to be operated at high discharge rates in order to provide high power 
output. There is evidence that doing so also reduces the number of secondary reactions that 
lead to higher coulombic efficiency and allows for an increase in the number of cycles the 
battery can perform before failure (Qian et al., 2016; Zheng et al., 2016). These authors, 
Qian et al. and Zheng et al., suggest that the increase in coulombic efficiency is due to the 
higher concentration of Li ions near the anode surface. The increase in Li ion concentration 




reduction in the capacity of the battery. Additionally, these high concentrations lead to a 
more stable solid electrolyte interface (SEI). The SEI layer is thought to suppress the attack 
of free organic solvents that can corrode the Lithium metal anode (W. Xu et al., 2014). 
However, a thick SEI is typically a resistive layer and hurts the performance of the battery.  
Although studies show that both the charging currents and voltages impact cycle 
life, it is hard to directly compare experimental data on cycling. This is due to differences 
between experiments, including cell type, environmental conditions and charging protocols, 
which will all impact cycle life (Keil & Jossen, 2016).  Additionally, data on battery 
performance over multiple cycles is usually reported as overall voltage or current with 
cycle number. This data gives an overall picture of battery performance but is unable to 
resolve details about what is causing capacity fade. It is known that the rates of charge and 
discharge directly impact the morphology of dendrites and the amount of plating on the 
electrode surface; however experimentally resolving the electrolyte-electrode interface is 
not experimentally feasible during a cycling test. 
Understanding the changes in local current and surface conditions will be critical 
to developing better cycling protocols that suppress dendrite growth and improve cycle life. 
Kasemchainan et al. (Kasemchainan et al., 2019) recently showed that during cycling local 
current densities can exceed the critical current densities for Li plating even if the overall 
current is within the limits where plating is not expected. Rong et al. (Rong et al., 2017) 
observed Li dendrite growth and dissolution over multiple cycles and demonstrated 
dendrite suppression effect with Li2S8 and LiNO3 additives due to their low surface 




Real world batteries are used in a variety of complex operations. In this chapter, I 
present a model of battery cycling at the interfacial level and explicitly model the growth 
and morphology of dendrites under different cycling scenarios. I have simplified some of 
the physics, i.e. no potential or electro-convection effects, no secondary reactions, constant 
diffusivity, first-order reaction, in order to isolate the effect of charge and discharge rate 
on dendritic growth. So while this is not a complete predictive tool for a battery system, 
the assumptions made are comparable to those that are made in experimental tests, i.e. half-
cell. Additionally, no other modelling techniques have been able to describe the local 
concentrations at the anode and explicit structure of the dendrites for multi-cycle 
simulations. This information is valuable to the battery research community and can shed 
light on strategies for improving battery performance. 
 
4.2 Modeling Dendrite Growth during Cycling 
To simulate charge and discharge cycles, two modes of the simulation are run, a 
charge mode and a discharge mode. During charging, in Eq. 2.5, Ceq is lower than C0 to 
simulate the removal of lithium ions from the electrolyte and the plating of lithium metal. 
During discharging, in Eq. 2.5, Ceq is higher than C0 to simulate lithium metal dissolution 
in the electrolyte. Applying the governing equations for diffusion, boundary and initial 
conditions from Chapter 2, the transient dendrite growth in the electrolyte over multiple 





The simulation domain for the cyclic dendrite growth study is a 60	𝜇m ×30	𝜇m 
region around the anode-electrolyte interface, as shown in Figure 4.1. The diffusion 
boundary layer is assumed to be within 60 µm of the anode surface. The domain is 
discretized by 259,200 discrete particles in SPH, with an average particle density of 144 
particles per 	𝜇m2. The physical parameters used in the model are listed in Table 4.1. This 
domain width was selected in order to capture the features of dendritic growth which have 
been shown experimentally to be between 1-10 𝜇m (Qian et al., 2016). The domain length 










Table 4.1. Parameters used in dendrite growth models. 
Parameter Symbol Value Unit 
Domain width W 30 𝜇m 
Domain length L 60 𝜇m 
SPH particle interval ∆𝑥 0.0833 𝜇m 
Diffusion coefficient D 0.01 𝜇m2 s-1 
Cycle time length 𝑡 25-2000 s 
Concentration 𝐶 0-1  μmol μL-1 
Reaction rate K 0.5-5 𝜇m s-1 
 
Experimental studies of dendrite growth in controlled conditions by Kushima et al. 
(Kushima et al., 2017) (Figure 4.2a) and Qian et al. (Qian et al., 2015) (Figure 4.2b) in both 
the diffusion limited regime and the reaction limited regime show that in the diffusion 
limited regime, dendrite growth is more needle like with long thin trucks and branches. In 
the reaction limited regime larger, bush like growth is seen. As shown in Figure 4.3, the 
SPH model was used to simulate both the diffusion limited (Figure 4.3 (a) and (c)) and 
reaction limited regimes (Figure 4.3 (b) and (d)) over multiple charge and discharge cycles. 
In both cases heterogeneity (in the form of three protrusions) was introduced on the anode 
surface to induce dendrite growth. Figure 4.3 shows good qualitative agreement with the 
experimental results shown in Figure 4.2. Thinner more needle-like structures are predicted 
in the diffusion limited case; while thicker more bush like dendrites are seen in the reaction 












Figure 4.2. Experimental images of dendrite morphology under different limiting regimes. (a) 
Mode III is diffusion limited and shows long thin dendrites. Mode I shows reaction limited 
growth with larger-bushier growths. Reproduced from Kushima et al. (Kushima et al.) with 
permission from Elsevier. (b) Lithium dendrite growth with different electrolytes. Diffusion 
limited dendrite growth is shown on the left of (b) and reaction limited dendrite growth is 
shown on the right of (b). The scale bar of (b) is 10 μm. Adapted from Qian et al. (Qian et al., 







Figure 4.3. SPH model predictions for dendrite growth over multiple cycles for both diffusion 
limited ((a) and (c), reaction rate of 3 µm/s) and reaction limited ((b) and (d), reaction rate of 
1 µm/s) regimes.  Each charge and discharge cycle simulates 100s. (a) and (b) show the mass 
flux near the dendrite (red) tips after the first charge cycle. In the diffusion limited case (a), 
higher mass flux occurs near the dendrite tip and the mass flux is more even along the surface 
when the dendrite growth is reaction rate limited. (c) and (d) show the simulation results after 
6 cycles. (c) shows longer and thinner dendrite branches grown by the mass transport limited 







4.3 Effects of Cycling on Dendrite Growth 
 
The SPH model of cyclic dendrite growth was used to investigate the effects of 
cycling conditions on dendrite growth rate and morphology. In addition to typical 
symmetric charge and discharge cycles, both “fast charging” and high discharge rate tests 
were also explored. “Fast charging” occurs when the charging reaction rate is much higher 
than the discharge reaction rate. Fast charging is of interest to the battery community due 
to its potential commercial advantages for EVs and other applications where charge time 
is critical. Batteries could be more versatile if charging times were reduced. However, to 
do this the current density during charging must be increased and this also increases the 
formation of dendrites. Investigating high discharge rates are important when the battery 
needs to have a significant power output. Researchers have shown that a high discharge 
rate can extend the life of the battery by improving the cycling performance when 
compared to lower discharge rates (Qian et al., 2016; Zheng et al., 2016).   
To explore the effects of charge and discharge rate on dendrite growth and 
morphology, four different cycling tests were conducted. The parameters used in each case 
are shown in Table 4.2. In these tests the charge and discharge rate were varied to determine 
the effect on the morphology and rate of dendrite growth. 
Table 4.2. Parameters used in "fast charging" schemes. 




Charge Time (s) Discharge Time (s) 
Case A 0.5 0.5 150 150 
Case B 5 0.5  15 150 
Case C 0.5 5 150 15 





Case A is a baseline case where the charge and discharge rates are the same and 
low. Case B has a faster charge rate than discharge rate, this could be considered a “fast 
charge” scenario. As seen in Figure 4.4, both Cases A and B have different growth rates 
and morphology, reflecting the importance of the charge rate. Case A has thicker and 
bushier growths and Case B has longer and thinner growths. Although flat plating of 
lithium metal is most desirable, often the bushier growth seen in Case A is adequate (as 
shown by Figure 4.2b). However, the growth seen in Case B is often problematic for three 
reasons. The longer, thinner growths can penetrate the battery separator (not shown) and 
cause a short circuit; are less structurally stable which can lead them to detach from the 
anode and reduce the battery capacity; and have a higher surface area where secondary 
reactions can occur and lead to increased ohmic losses (Qian et al., 2016; W. Xu et al., 
2014; Zheng et al., 2016). These results indicate that the charge conditions are a critical 
phenomenon to consider for dendrite suppression.  
Cases A and C compare the effects of discharge rates: both cases have similar 
structures but Case C with a higher discharge rate, has fewer branches (Figures 4.4 and 
4.5). This comparison is interesting because it appears that there is a benefit to operating 
at higher discharge rate. Higher discharge rates have been shown to be beneficial in 
experimental studies as well (Park et al., 2014; Qian et al., 2015), although their 
explanation focuses on the use of a highly concentrated electrolyte which increases the 
lithium ion concentration near the anode. Our model shows a similar trend, the 
concentration around the growths in Case C during discharge stay high, with only the 




High charge and high discharge rates are used in Case D The results from this test 
are like those in Case B and again have the problematic dendrites with long, thin growths. 
The high discharge rate in Case D and C is the same but the growth in Case C was thicker 
so this suggests that the high charge rate is the main culprit in driving problematic dendrite 
morphology (Figures 4.4 and 4.5).  
All four cases were simulated for 10 charge/discharge cycles. As seen in Figure 4.5, 
the results for all four cases are similar in both morphology and growth rate. After 10 cycles, 
a noticeable difference begins to appear that was not fully evident after three cycles. In 
Figure 4.5, the cases with lower discharge rate (Cases A and B) have a maximum dendrite 
 
Figure 4.4. Dendrite growth for Cases A-D. For each case the first three charge/discharge 
cycles are shown first (top), second (middle) and third (bottom) with charge on the left and 





growth that is longer than those with the higher discharge rate (Cases C and D). The 
morphology trends continue from the earlier cycles (Figure 4.4) at the tenth cycle (Figure 
4.5), higher charge rates (Cases B and D) have thinner and longer dendrites and lower 
charge rates (Cases A and C) have thicker and shorter dendrites. 
When looking at local concentrations of Li within the electrolyte near the 
anode/dendrite surfaces, the local concentration levels around the dendrites are close to 
zero at the end of the charge cycle, indicating mass transport limited phenomena. During 
initial discharge, dissolution is rapid and uniform but slows as the concentration of Li in 
the electrolyte increases near the dendrites. At later times during the discharge stage Li 
concentrations begin to saturate and dissolution becomes transport limited. This causes 
dendrite dissolution to occur mainly at the tips of the dendrites. 
The operation of the battery and how it is cycled can have a critical effect on 
dendrite morphology and growth. For instance, if the battery is changed immediately from 
a discharge cycle to a charge cycle then high concentrations of Li near the anode/dendrite 
surfaces will cause the system to be reaction limited at the beginning of a charging cycle, 
as seen in Figure 4.6b. This causes thicker branches especially close to the original anode 
surface, as seen in the lower regions of dendrite growth in Figure 4.5 and in zoomed in 
images of dendrite growth in Figure 4.6. As a charging cycle continues, the system 
transitions to a mass transport limited regime (Figure 4.6c) and the morphology of new 
dendrites changes to thinner, branching structures. These effects can also affect the 
discharge of the battery, Figure 4.6a is a mass transport limited scenario where high Li+ 




limited regime, producing thin needle like dendrites. 
 
 
Figure 4.5. Simulations results after charge cycle for Cases A-D after 10 cycles. 
 
 
Figure 4.6. Images from Case B showing transition from reaction rate limited growth to mass 
transport limited growth. (a) End of discharge with high concentration of Li+ in the 
immediate vicinity of the dendrites. (b) Beginning of charge (5s) showing reaction rate limited 
dendrite growth. (c) End of charge showing mass transport limited dendrite growth farthest 





This chapter presents a new cyclic dendrite growth model. Dendrite 
growth/dissolution profiles and morphology evolution compare well with experimental 
observations (Kushima et al., 2017; Qian et al., 2015), further supporting the capabilities 
of the model in simulating time-dependent dendrite growth/dissolution as well as the 
dendrite morphology evolution after charge/discharge cycles.    
This chapter focuses on the mass transport aspects of dendrite growth and is not a 
complete model of a battery. However, as discussed in this chapter the mass transport near 
the interface is a main driver of dendrite growth under current limiting conditions. The 
studies show under current limiting (mass transport driven) conditions, the charging 
conditions are critical to dendrite growth rate and morphology. They also suggest that 
higher discharge rate can reduce dendrite growth length and induce a more compact and 
uniform growth morphology, and eventually suppress the dendrite growth.  The results of 
the computational studies performed in this chapter provide potential mitigation strategies 
for suppressing dendrite growth through increase discharge rate of the battery. 
Alternatively, they also suggest that more advanced charging strategies, such as pulsed 
charging, could be used to improve battery performance by controlling the morphology of 
dendrites.  
Additionally, the studies show that the dendrite structure over multiple 
charge/discharge cycles can be controlled. A thinner structure with more branches or a 
thicker structure with less branches can be induced under different combinations of 




branching makes the dendrite weaker and more likely to have “dead lithium” (Rong et al., 
2017). Controlled dendrite growth with more uniform plating or bushier dendrites could 
produce a more robust and longer lasting battery. These structures are less likely to 
penetrate separators, and the lower surface area leads to less unwanted side reactions. 
Higher charge rates, which become mass transport limited, lead to unwanted needle-like 
dendrites that can pierce the separator, create the potential for dead lithium, and increase 






5. ALTERING MASS TRANSPORT TO THE ANODE 
In this chapter, I will present three methods for controlling dendrite growth that I 
worked on in collaboration with experimental research groups. This work expands on the 
developed SPH model by applying it to realistic batteries problems and comparing the 
results to experimental data. The model was able to help explain the physics in three 
different systems. The first is based on previous research our lab conducted that 
demonstrated that anisotropic diffusion in the electrolyte can limit dendrite growth. The 
experimental group used ionic liquid crystals (ILCs) to create the anisotropic diffusion and 
saw increased cycle life (Gopalakrishnan et al., 2021). The next investigated three 
properties of anode coatings that can assist in dendrite suppression: mechanical strength, 
flexibility, and ionic conductivity (Gao et al., in press 2021). I modeled this hybrid 
protective layer on the anode surface and demonstrated its ability to control dendrite growth. 
The last research group used a carbon nanomembrane attached to the separator to regulate 
ionic transport which also saw more uniform deposition and increased cycle life (Rajendran 
et al., 2021). 
 
5.1 Ionic Liquid Crystalline Electrolyte to Suppress Dendrite Growth in LMBs: An 
effect of Anisotropic Mass Transport 
Our lab previously demonstrated that an electrolyte with anisotropic mass transport 
properties could reduce dendrite growth (J. Tan et al., 2016). The anisotropic electrolyte 
used two related mechanisms: 1) improved mass transport to regions between large 
dendrite growths and 2) reduced mass transport to the tips of dendrites. There was no 




Ionic liquid crystals (ILC) match the two properties that would utilize this 
mechanism (Galiński, Lewandowski, & Stepniak, 2006; Uchida, Matsumoto, Akita, & 
Nishiyama, 2015). They can conduct ions like Li+ and due to their crystalline structure, 
they are anisotropic. ILCs have been used in Li-ion batteries but further characterization is 
needed for their use in LMBs (Sakuda et al., 2015; Schweikert et al., 2013). Working with 
an experimental group that created a novel thermotropic ionic liquid crystalline material, I 
used the SPH model I developed to investigate the effects of their ILC on dendrite growth. 
This ILC has anisotropic properties due to its bent core structure with self-assembled 
supramolecules and can act as a pseudo separator-cum-electrolyte and control the Li ion 
concentration gradient at the electrolyte-anode interface, which helps in controlling Li ion 
mass transportation and thereby suppressing dendrite growth (Figure 5.1). Experimental 
results are presented to provide context for the numerical simulations that were performed 
to explore the mechanism of dendrite suppression based on the material properties of the 
ILC electrolyte. 
 
Figure 5.1. Schematic representation of the proposed mechanism of anisotropic Li mass 






5.1.1 Experimental results 
The electrodeposition of Li+ in the ILC based electrolytes was investigated using 
galvanostatic cycling. The cell using ILC based electrolytes (LiTFSI/LC) showed stable 
cycling exhibiting a stable Li plating/deposition in the presence of an anisotropic 
electrolyte with a gradual increase in polarization, which can be clearly seen in the voltage 
hysteresis (Figure 5.2a, red). The difference between Li stripping and plating voltages 
represents the voltage hysteresis and is principally determined from the applied current 
density, electrode/ electrolyte interfacial properties and charge transfer resistance. A 
symmetrical Li/Li cell containing only an electrolyte (LiTFSI/PC) show a stable voltage 
 
Figure 5.2. Electrochemical characterization of symmetric cell with the ILC (red) and 
without (black). (Top) potential profiles during galvanostatic cycles with a current density of 
0.1 mA cm-2. (Bottom) SEM images of Li deposition with only electrolyte (b) and electrolyte 





hysteresis without any irregular oscillations when compared with the cell having ILC; 
however, a dendrite induced internal short circuit is seen after 400 h in the cell containing 
the traditional electrolyte (LiTFSI/PC) (Figure 5.2a, black).   
5.1.2 Computational results 
To approximate the ILC electrolyte in the SPH simulation, a pseudo-separator 
structure is explicitly constructed (Figure 5.3). Based on the experimental characterization 
of the ILC electrolyte, it is assumed ILC supramolecules (complex molecules held together 
by noncovalent bonds) in the electrolyte have a semi-ordered structure that can be 
approximated as a separator of rod-like particles (Figure 5.1). Rod-like particles on the 
order of a few microns in length are dispersed throughout the electrolyte in different 
orientations. The effects of particle orientation are varied from completely parallel to the 
anode surface (Figure 5.3a), randomly oriented (Figure 5.3b,c) and completely 
perpendicular to the anode surface (Figure 5.3d). Simulations are used to elucidate how the 
ILCs effect local transport and dendrite growth.  
The effects of local transport mechanisms on dendrite growth are presented in the 
numerical models of the interface as seen in the top row of Figures 5.3. The parallel-
aligned, parallel-misaligned and random structures (Figure 5.3 a-c) create the highest 
tortuosity which effectively decreased the diffusivity in the electrolyte and creates 
variations in the Li+ concentration (Figure 5.4). The deposition in these cases began 
uniformly, but once the deposited lithium encounters regions of higher Li+ concentrations, 
small dendrites began to form. Some of these small dendrites were able to reach adjacent 




dendrites grew into these regions by consuming the Li+ which prevented surrounding small 
dendrites from accessing the Li+, resulting in problematic dendrite growth.  
Alternatively, in the case of the perpendicular structure, the tortuosity was roughly 
one, so the structure did not significantly affect the electrolyte diffusivity. Therefore, a 
more consistent Li+ concentration was maintained across the anode surface (Figure 5.4). 
As deposition occurs, small dendrites began to form as in the other cases. However, these 
small dendrites were prevented from reaching adjacent higher Li+ concentration regions 
because they were blocked by the perpendicular particles. This enabled all small dendrites 
 
Figure 5.3. Simulations of representative ILC structures: (a) parallel, (b) misaligned 
parallel, (c) random and (d) perpendicular to the anode. 
  
 
Figure 5.4. Concentration profiles near the anode in the simulations. The misaligned parallel 
and random profiles have much larger concentration ranges than the perpendicular and 





to grow into a more uniform deposition. From the numerical models in Figure 5.3, it can 
be seen that the ILC supramolecules must be aligned to restrict local mass transport near 
the electrode interface, suppress dendrite growth and stabilize battery cycling. The 
experimental cells without ILC electrolytes exhibited a drop in the voltage with a 
catastrophic cell failure after 400 hours (Figure 5.2), due to short circuiting. In contrast, the 
cell with the ILC electrolyte is able to cycle stably for more than 900 hours as the 
anisotropic electrolyte medium can improve the Li+ mass transport between the major 
dendrite growth sites, and thereby form dendrites in a uniform and compact way (Figure 
5.3d). Thus, the thermotropic ILC electrolytes with their ability to orient themselves in 
different directions to control Li mass transport and thereby dendrite growth can act as 
pseudo separator.  
5.2 Glass-Fiber Reinforced Polymeric Protective Layer for Stable Li-Metal 
Electrode: Unraveling the Key Attributes of Artificial Solid-Electrolyte Interface 
(SEI) 
As mentioned in Chapter 1, the SEI layer stability is vital to the performance of 
LMBs over many cycles (Cui, Chu, Qin, & Pan, 2018; R. Xu et al., 2019). The native SEI 
layer can become disrupted during the electrodeposition process leading to regions of non-
uniform Li+ transport and uncontrollable reactions between the lithium metal anode and 
the electrolyte. Once this occurs, coulombic efficiency is reduced and dendrites form. A 
number of strategies have been tested to stabilize the SEI layer (Y. J. Kim et al., 2018; C. 
Yang, Fu, Zhang, Hitz, & Hu, 2017; Zheng et al., 2016). In this section, I discuss my 




to protect the SEI layer. The first component is polydimethylsiloxane (PDMS) which 
improves the flexibility of the protective layer. The next is glass fibers which increases the 
mechanical strength. The final component is polyethylene glycol (PEG) which allows the 
layer to become ionically conductive. Each of these three components are investigated 
using SPH modeling considering different material properties. 
5.2.1 Experimental results 
To identify the key attributes of protective layers and understand how their 
properties affect the ultimate electrochemical performance, a multi-component hybrid 
protective layer (HPL) with high ionic conductivity, enhanced elasticity and mechanical 
robustness is designed. To evaluate the electrochemical performance of the HPL-protected 
Li-metal electrode, Li/Cu half cells and Li/Li symmetric cells were initially assembled with 
an ether electrolyte as shown in Figure 5.5a. It is well known that CE and cycling life are 
the two key parameters for evaluating the performance of protective layers, and higher CE 
and longer lifespan indicate a high utilization ratio of Li-metal electrode and stable Li+ 
stripping/plating processes. As shown in Figure 5.5b, under a current density of 1 mA/cm2, 
the cell with HPL coated Cu foil (HPL-Cu) as the electrode exhibits a superior cycling 
stability with an average coulombic efficiency of 96.5% in 300 cycles, which is in dramatic 
contrast to the cell with bare Cu as the electrode, i.e., rapid fading after 150 cycles. Under 
a higher current density of 2 mA/cm2, an average coulombic efficiency of 94.8% can be 
achieved in 200 cycles for the cell using HPL-Cu as the electrode vs. a quick decay of CE 
with 18.4% after 168 cycles for the cell with the bare Cu electrode. Even at a current density 




as the electrode with an average CE of 95.1% over 200 cycles. 
Li/Li symmetric cell testing is utilized to monitor the Li+ plating/stripping behavior 
of the Li-metal electrode, and lower voltage hysteresis indicates the effective suppression 
of dendritic Li growth by the protective layer (Li et al., 2018). Figure 5.6a demonstrates 
the potential profiles of Li/Li symmetric cells with bare Li and HPL-Li as electrodes at a 
current density of 0.5 mA/cm2 with a capacity of 0.5 mAh/cm2. The cell with bare Li as 
the electrode exhibited a fluctuating overpotential, which can probably be explained by the 
accumulation of “dead” Li leading to increased ionic resistance. On the contrary, the cell 
 
Figure 5.5. (a) Schematic diagram of Li/Cu (left), Li/Li (right) cells and the structures of 
HPL. CEs of Li/Cu cells with HPL-Cu or bare Cu as the electrode at the current densities of 
1 (b), 2 (c) and 3 (d) mA cm-2 with a capacity of 1 mAh cm-2. Cycling performance of Li/Li 
symmetric cells with HPL-Li or bare Li as the electrode at the current density of (e) 1.0 mA 
cm-2 with capacity of 1.0 mAh cm-2 and (g) 2.0 mA cm-2 with capacity of 2.0 mAh cm-2. (f) 





with the HPL-Li electrode shows a much longer cycling lifetime of more than 800 h and 
maintains a stable overpotential of ~12-16 mV (vs. Li+/Li) after cycling for 100 h, 
suggesting the electrode reaches a steady state after the “activation” process. Under a 
higher current density (1.0 mA cm-2), the cell with the bare Li electrode cycled with a 
gradually increasing overpotential over 600 h vs. the cell with the HPL-Li electrode which 
had stable cycling performance over 600 h. Even at the high current density of 2.0 mA cm-
2, the cell with HPL-Li as the electrode shows a more uniform voltage profile with a flat 
overpotential (~40 mV) during the whole cycling process (600 h). The improved 
electrochemical performance demonstrates the effectiveness of HPL in suppressing the 
dendritic Li growth during the repeated Li+ plating/stripping process.  
 
Figure 5.6. Cycling performance of Li/Li symmetric cellwith HPL-Li or bare Li as electrode 
at the density of (a) 0.5 mA cm-2 for 0.5 mAh c-2. (b) and (c) are the volte profiles of selected 





5.2.2 Computational results 
Computational modeling of the artificial SEI layer and electrode-electrolyte 
interface was used to further understand the effects of PEG on the performance of the 
protective layer. Three scenarios were considered, one representing a homogeneous 
mixture of PDMS, PEG and GF, one with only PDMS and GF, and one with imperfect 
mixing of PDMS and GF. All three scenarios are shown in Figure 5.7, the domain for the 
simulations is a cross-section of the region near the electrode-protective layer interface 
where the electrode is at the bottom of the image and Li+ deposition and dendrite growth 
are shown in red. In the first two scenarios, the glass fiber (grey) is surrounded by a uniform 
conductive medium (blue regions) as shown in Figures 5.7a and b. The glass fiber (grey) 
is explicitly modeled in the simulation and the dimensions are chosen to match the diameter 
(2-4 μm) of the glass fiber used in the experiments. The dominant orientation of glass fiber 
is parallel to the anode surface and shown as thus in the simulation. A high ionic diffusivity 
(5 μm2 s-1) is shown in Figure 5.7a to represent the HPL (PDMS, PEG, and GF) and a low 
ionic diffusivity (3.3 μm2 s-1) is shown in Figure 5.7b to represent PDMS and GF. In the 
final scenario high conductivity pathways are placed in the blue regions to represent non-
uniformities in the PDMS such as a channel or gap, these can be seen by the yellow shaded 
regions in Figure 5.7c. The channels have a higher ion conductivity than the bulk regions 
(blue) (Figure 5.7c) that create non-uniform ionic transport and dendrite growth.  
The simulations (Figure 5.7) show that the lower Li+ transport through the 
(GF+PDMS) layer cannot solely explain the lower cycling stability and more disordered 




the Li+ deposition is still relatively uniform, similar to what is seen when the protective 
layer includes PEG (Figure 5.7a) and has a high Li+ transport rate. A possible reason of the 
non-uniform Li+ transport is the formation of localized channels (Figure 5.7c) around the 
glass fibers. For HPL-Li, the presence of PEG will allow the glass-fiber based protecting 
layers to have relatively homogenous Li+ transfer channels, which reduces the localized 
Li+ flux in specific channels. While for (GF+PDMS)-Li electrode, under the same or higher 
charge/discharge current density, less and localized ion transfer channels will render high 
Li+ flux in specifics channels, leading to a non-uniform deposition of Li on the anode 
surface and reduce the cycling stability. Evidence of this is shown in Figure 5.7d where the 
 
Figure 5.7. Simulations of ionic transport and dendrite growth with mass transport in the 
blue regions, the glass fiber as the grey regions and the anode and subsequent dendrite 
growth shown in red. The ion transport of (a) is higher (5 μm2 s-1) representing the HPL 
with the conductive PEG component. The ion transport of (b) is lower (3.3 μm2 s-1) 
representing the (GF+PDMS) layer. Without PEG, the lower diffusivity (b) leads to lower 
Li+ transport but relatively uniform deposition (37% lower dendrite height) and cannot 
explain the more disordered surface morphology seen experimentally. (c) Highlights the 
conductive channels (yellow regions) (15 μm2 s-1) in the bulk ion conducting (3.3 μm2 s-1) 
PDMS which leads to non-uniform Li+ transport and dendrite growth in (d). All simulation 





dendrites grown are similar to those seen when LMBs have failed before (Wei, Ihrfors, 
Björefors, & Nyholm, 2020) and agree with the experimental results. 
In addition to the elasticity and ionic conductivity, the mechanical strength also 
plays an important role in artificial SEI films. A higher Young’s modulus of the artificial 
SEI layer is essential to maintain structural integrity during the Li+ plating/stripping 
processes, especially at high current density, which will reduce side reactions with the fresh 
exposed interface and electrolyte consumption. In the current study, with the GF enforced 
polymeric film as the protective layer, the cells with (GF+PDMS)-Li, (GF+PEG)-Li and 
HPL-Li all exhibited improved electrochemical performance compared to the cell with bare 
Li as the electrode. With reduced mechanical robustness, the cell with (PDMS+PEG)-Li 
displays slightly lower capacity retention than the cell with HPL-Li as the electrode (82% 
vs. 90% after 100 cycles). 
5.3 Inhibition of Lithium Dendrite Formation in Lithium Metal Batteries via 
Regulated Cation Transport through Ultrathin Sub-Nanometer Porous Carbon 
Nanomembranes 
As discussed in Chapter 3, an ideal separator must be designed to regulate the ionic 
transport that creates uniform Li+ flux, which prevents the formation of dendrites (Ely & 
García, 2013). Our lab has previously demonstrated that the Li+ mass transport can be 
regulated by reducing the pore size of the cation transport channels (Liu et al., 2017; Tan 
& Ryan, 2016). However, reducing the pore size and maintaining the separator thickness 
involves compromising on the wetting properties, which would increase the impedance to 




regulated by introducing an ultra-thin film with very small pore size at the 
electrode/separator interface. Ultra-thin interlayer with uniform pores can be placed either 
on the commercial separator or on the electrode directly.  
This work utilizes a two-dimensional (2D) carbon nanomembrane (CNM) (Cao et 
al., 2017) of thickness 1.2 nm with sub-nanometer porous ion conducting channels (pore 
size ~ 0.6 - 0.7 nm (Cao et al., 2020), which is about ~10 times larger than the size of Li 
ions, pore density of 1014 cm-2), that regulates Li-ion mass transport at the 
electrode/electrolyte interface to suppress dendrite formation. Previous studies on ion 
permeation through CNMs show the possibility of Li ion permeation through the sub-
nanometer ion conducting channels (Pan et al., 2020). In this work, the CNM is transferred 
onto a commercial Celgard 2325 tri-layer separator using techniques that prevent any 
damage to the CNM layer. The tailored properties of CNM like sub-nanometer sized pore 
with very high pore density, ultra-thin, and very high mechanical strength (Young’s 
modulus ~10 GPa) aids in homogeneous electrodeposition and dissolution of Li metal 
through a regulated mass transport mechanism.  
5.3.1 Experimental results 
The morphology of the Li deposition was studied by making Li|Cu cells with both 
Celgard and CNM/Celgard separators. Electrodeposition of Li onto the Cu substrate was 
carried out for 1 mAh cm-2 at a current density of 1 mA cm-2, after which the cell was 
disassembled to remove the lithium deposited copper foil. A schematic representation of 
the typical deposition process with Celgard and CNM/Celgard separators is shown in 




morphology of the Li deposits. As shown in Figure 5.8b and c, the Li plating morphology 
using only the Celgard separator was highly irregular with a patch-like formation. High 
magnification images show whisker/needle like shapes, whose mean diameter of the 
deposits was found to be in the range of a few hundreds of nanometers to a few microns. 
In a battery, such sharp spiky structures can easily penetrate a conventional separator to 
reach the positive electrode that may end up in its catastrophic failure. In contrast, the FE-
SEM images of the Li plating using the CNM/Celgard separator (Figure 5.8d,e) revealed 
highly dense Li deposits that uniformly cover the surface of the copper foil. The high 
magnification image shows the presence of highly dense structures with grain boundaries. 
Such flat morphological deposits cannot penetrate the separator which prevents shorting of 
the cell. The formation of such highly dense Li deposits reduces the surface area drastically, 
whereas the spiky structures formed using only a Celgard separator possess very high 
surface area. This enhances the reactivity of Li with the electrolyte that forms the SEI that 
eventually breaks, reducing the coulombic efficiency of the battery. Further, such highly 
dense deposits minimize the volume expansion/contraction of the anode during cycling. 
Such formation is only due to the creation of a uniform Li-ion flux through the evenly 
distributed sub-nanometer sized pores of the CNM/Celgard that regulate the Li diffusion 
across the separator. The nucleation morphology in the first few minutes of deposition can 
play a major role in determining the final Li deposition pattern (K. Zhang et al., 2021). A 
critical kinetic radius of Li metal is required for the growth of Li dendrites that form 
thermodynamically stable nuclei (Jana & García, 2017). Dendrites can be prevented if the 




nucleation, Li was deposited on the Cu substrate for 0.1 mAh cm-2, which was achieved by 
plating Li for 6 min at a current density of 1 mA cm-2 using both Celgard and CNM/Celgard 
separators. the Li deposition with Celgard separator was unevenly distributed with rod-
shaped deposits with an average diameter of 400 nm, which later transforms to dendritic 
structures upon further deposition, as discussed earlier. 
5.3.2 Computational results 
Computational modeling of ionic transport and dendrite growth at the anode-
electrolyte interface is employed to further understand the improved Li deposition with the 
 
Figure 5.8. (a) Schematic representation of the Li electrodeposition process on Cu foil, (b-e) 
FE-SEM images of Li electrodeposited for 1 mAh cm-2 on Cu foil using (b, c) Celgard 





CNM. Experimentally, it is shown that the addition of a CNM layer leads to smoother Li 
deposition. In order to provide further explanations for this finding, two scenarios are 
computationally modeled: the effects of the structure of CNM and the effects of regulating 
the ionic transport. In both scenarios (Figures 5.9a-c and 5.10), the simulation models the 
interfacial region above the anode (shown in red). The electrolyte is shown in blue and the 
Li deposition sites, and dendrite growth are also shown in red. The CNM is known to have 
sub nanometer sized pores that allow Li ion transport (Biere et al., 2019). While the surface 
pores on the CNM are ~0.7 nm, their internal shape is unknown because of the ultra-thin 
form factor of ~1.2 nm.  
The first simulation scenario assumes the simplest geometry inside the CNM: 
straight cylindrical channels (Figure 5.9a-c). Other researchers have explored similar 
 
Figure 5.9. Simulations of ionic transport and dendrite growth with channels of size (a) 100 
nm, (b) 50 nm and (c) 25nm. The ionic transport (5 µm2s-1) and the reaction rate (30 µm s-1) 
is the same in each simulation. The grey region is the channel wall that does not participate 
in ionic transport. Schematic representation of the Li ion transport in cells with (d) Celgard 





geometries at larger pore sizes. Tan et al. has modeled the effects of straight cylindrical 
channels with diameters down to 2 µm and demonstrated the potential to suppress dendrite 
growth (Jinwang Tan & Ryan, 2016b). Furthermore, straight channels with diameters of 
300-400 nm have also been experimentally reported to suppress dendrite growth (Han, 
Khoo, Bai, & Bazant, 2014). The first modeling scenario presented here builds upon that 
research and depicts the trend of shrinking channel size down to 25 nm in order to provide 
an explanation for the effects of the carbon nanomembranes on dendrite growth. However, 
the SPH method is built on a continuum theory and this theory breaks down at the sub-
nanometer scale, as such a larger domain was used to simulate the CNM and its pores. In 
Figure 9a-c, the CNM channel walls are the grey regions which do not participate in ionic 
transport or Li reactions. The simulations suggest that the small size of the columns in the 
CNM layer influence dendrite growth. This effect acts to suppress the critical dendrite 
growth but does not suppress the overall deposition. Although resolution limits did not 
allow us to simulate below 25 nm spacing, it is evident that as the pore size decreases more 
uniform and dense deposits could be achieved for the same amount of Li deposition. Thus, 
reducing the pore size in the sub-nanometer scale will yield highly dense deposits of Li, as 
observed experimentally, suggesting that limiting the critical nucleation radius is a key 
factor in preventing Li dendrite growth.  
In the second simulation scenario, the effects of regulating ion transport are 
considered where the anode is initially relatively smooth (<5 nm peak to trough). 
Experimentally it is known that the CNM regulates the ionic transport in the electrolyte 




ionic transport parameter in the electrolyte, due to the small scale of the CNM it is not 
modeled explicitly and is instead idealized as a uniform change in the ionic transport in the 
electrolyte. This scenario compares different conductivities and reaction rates. The 
simulation results shown in Figure 5.10 demonstrate that lowering the ionic transport at 
both higher and lower charging current densities (i.e. high and low reactions) will suppress 
the size of the dendrites and also suppress the overall deposition amount. (The ionic 
transport parameters used are in line with reported values for 1M LiPF6 in EC/DMC 
electrolytes, e.g. 1-5 µm2s-1 (Ehrl et al., 2017), and the reaction rates vary by an order of 
magnitude as they do in the experimental results reported here regarding regular charging 
and fast-charging conditions.)  
However, the overall suppression of Li deposition was not seen experimentally as 
evident from the half-cell (Li|Cu) Li plating/stripping studies. This suggests that the ionic 
conductivity and reaction rate remains similar in both Celgard and CNM/Celgard 
separators and the role of the CNM is to regulate the ionic transport without affecting the 
rate of transport. The other mechanism that was not explored computationally is the effect 
 
Figure 5.10. Simulations of ionic transport and dendrite growth with different ionic 
conductivities and reaction rate parameters. The blue regions represent the electrolyte and 
the red regions are the anode and dendrite growth. The left images (a, c) have a higher ionic 
transport (5 µm2s-1) and right images (b, d) have a lower ionic transport (3.3 µm2s-1). The top 
row (a, b) has a higher reaction rate (30 µm s-1) and the bottom row (c, d) has a lower 
reaction rate (3 µm s-1) to represent extreme cases of high and low current densities. All 





of CNM on mechanical suppression. Previous studies have shown mechanical suppression 
to be an effective method for controlling dendrite growth (Barai, Higa, & Srinivasan, 2018). 
Given the higher Young’s modulus of CNM (~10 GPa), the CNM would be expected to 
aid in the mechanical suppression of dendrites (Tung, Ho, Yang, Zhang, & Kotov, 2015; 
Turchanin & Gölzhäuser, 2016). 
The overall mechanism can be explained through the schematics shown in Figure 
5.10d and e. In the case of the Celgard separator, there exists pores/channels of various 
sizes, which create inhomogeneous ionic flux. The dendritic Li structure would be larger 
as the size of the ion conducting channel increases. Further, the size of the ion conducting 
channels are suitable for the penetration of the Li dendrites across the separator causing 
internal short circuiting of the cell. The presence of inhomogeneous electric fields further 
accelerates the growth of the Li dendrites. In the case of CNM/Celgard, the sub-nanopores 
regulated the Li ion flow across the electrodes, creating a uniform Li ion flux without 
affecting the rate of ionic transport. The sub-nanopores further prevent the formation of Li 
nuclei higher than the critical kinetic radius that cause Li dendrites. This further aids in the 
transformation of the crystalline nature of Li deposits to a higher order. The high 
mechanical strength of the CNM membrane also helps in the suppression of any formed Li 
dendrites.  
5.4 Conclusion 
These three distinct methods for controlling deposition at the anode of a LMB each 
offer interesting advantages. The computational modeling I provided offered deep insights 




a unique solution to regulating both mass transport and dendrite growth. As demonstrated 
in Figure 5.3, the ILC must align perpendicular to the anode surface to promote uniform 
deposition and reduced dendrite growth. The HPL seeks to mitigate the non-uniform 
deposition by imposing mechanical forces that restrain any problematic growths that occur. 
Computational modeling enhances the understanding of how the conductivity must be 
accounted for so as to not create channels for rapid dendrite growth. Future modeling 
simulations should further develop our understanding of the mechanical properties of the 
HPL. Finally, building directly off of the computational simulations performed in Chapter 
3 is a material that can regulate the non-uniform ionic transport through commercial 
separators. The CNM offers a unique solution to adapt the readily available Celgard 
separators. The computational modeling further corroborated the hypothesis that uniform, 





6. CONCLUSION AND FUTURE WORK 
6.1 Conclusion 
The research in this dissertation focuses on the development of a model for mass 
transport and dendrite growth near the anode-electrolyte interface in LMBs. In general, 
however, the novelty of the SPH model development is that it is able to explicitly simulate 
the complex physics occurring at interfaces in electrochemical systems. The detailed 
simulations enable observations of the local conditions and phenomena occurring in situ. 
The analysis in this dissertation includes an in-depth exploration of the effects of 
commercial battery separators and cycling on mass transport and dendrite growth. 
Additionally, in collaboration with experimental research, three types of innovative 
structures employed at the anode-electrolyte interface demonstrate promising techniques 
for suppressing dendrite growth and increasing the cycle life of LMBs. 
The governing physics and equations of electrodeposition are laid out in Chapter 2. 
A verification of the diffusion, migration and reaction components of the SPH model are 
compared to their respective analytical solutions or numerical methods. A convergence 
study is presented for the migration and the dendrite growth front. Furthermore, qualitative 
comparisons are made to experimental results demonstrating the SPH model’s ability to 
accurately capture dendrite morphology under varying reaction rates. 
In Chapter 3, I discuss the effects of battery separators on mass transport and 
dendrite growth. There are two primary takeaways from this discussion. The first is that, 
although difficult to experimentally measure, tortuosity is the key geometrical parameter 




effective diffusivity for most separators than other parameters and subsequently a larger 
impact on dendrite growth. The second is the role of the degree of heterogeneity of the 
geometrical parameters. In most considerations of battery separators, it is assumed to have 
overall, uniform properties, i.e. a porosity or tortuosity. Evidence provided in this 
dissertation suggests this should be avoided due to the scale of the battery heterogeneities 
and the scale at which dendrites form. Instead, the LMB design should carefully consider 
creating more homogenous separators. 
I developed one of the first examples of a computational model that simulates 
dendrite deposition and dissolution at the mesoscale in a LMB which is presented in 
Chapter 4. The studies show that under current limiting (mass transport driven) conditions, 
the charging conditions are critical to dendrite growth rate and morphology. They suggest 
that higher discharge rates can reduce dendrite growth length and induce a more compact 
and uniform growth morphology, and eventually suppress the dendrite growth.  The results 
of the computational studies performed in this chapter provide potential mitigation 
strategies for suppressing dendrite growth through increasing the discharge rate of the 
battery. Additionally, the studies show that the dendrite structure over multiple 
charge/discharge cycles can be controlled. Controlled dendrite growth with more uniform 
plating or bushier dendrites could produce a more robust and longer lasting battery. 
In the penultimate chapter, I discuss three novel techniques for increasing the cycle 
life and performance in LMBs. The three distinct techniques center around controlling 
mass transport near the electrolyte-anode interface. By combining computational and 





The computational model developed in this research is both novel and a powerful 
tool for illuminating the phenomena occurring at the electrolyte-anode interface in LMBs. 
It is also generalizable to other electrodeposition processes. By finely tuning the mass 
transport and selecting proper coatings in this region, dendrite growth can be suppressed. 
Further research is needed to continue the exploration. 
6.2 Future work 
With the increasing demand for energy storage at different scales, LMBs are one of 
the most sought after technologies because of their high theoretical energy density. 
Additionally, computationally modeling is a key tool in developing complex systems. 
When more realistic physics are incorporated into models, there is an increase in the 
computational power required. However, computational capabilities continue to expand. 
So the combination of increasing demand and the ability to create more fully realistic 
models leaves open the possibility for a variety of additions to the current model. 
The first is updating the form of the reaction equation at the anode. The current 
form utilizes a first order equation. This can be updated to an extended Butler-Volmer 
equation which describes how the voltage difference in the electrolyte and the electrode 
dictates the current passing through the electrode. The Li+ flux at the anode is proportional 
to the current density. Variation in local current density is difficult to observe 
experimentally but plays a role in secondary reactions and the breakdown of the SEI layer. 
The overall current density is also able to be calculated for the model. This development 




to calculate the efficiency of the system.  
Another area of on-going development is linking the SPH model to a density 
functional theory (DFT) model. By using DFT’s ability to calculate surface energy from 
defects in the lithium anode, a nucleation rate can be incorporated into the SPH model. The 
nucleation rate would create a more realistic scenario for dendrite nucleation and growth. 
There are no models that use upscaling between molecular scale and mesoscale to simulate 
dendrite growth. This would shed light on interesting mechanics at the initial growth period. 
The model can also include more coupled physics. Many of the properties in the 
electrochemical system are interdependent, i.e. the reactions and temperature. 
There are also two methods for dendrite suppression that can be investigated using 
the SPH model. The first is mechanically modifying the anode surface so that the native 
SEI layer is disrupted. This line of research was inspired by Kim et al. (Y. J. Kim et al., 
2018) who used a mold to create an impression on the anode surface. Li+ deposited 
preferentially at the bottom of the impression leading to lower dendrite growth and a more 
uniform deposition overall for both high and low charging rates. One possible reason for 
this is that the bottom surface has access to greater amounts of Li+ in the impression. If the 
reactive surface has access to greater Li+ concentrations, the limiting factor for the reaction 
will be the reaction rate and not mass transport leading to a more uniform deposition. 
Further research can be conducted to determine an optimal shape for the impression that is 
coupled with even higher charging rates. 
The other method is expanding upon the “fast charging” modeling discussed in 




dendrite growth. Pulse charging has long been regarded as a method for controlling mass 
transport to the anode during charging. Although the precise period and amplitude of the 
pulses for LMBs is an on-going topic of research. The SPH model can explore the 






The base code is compiled using the LAMMPS “make” file in the src directory. Once 
compiled, the executable is named “lmp_mpi” or “lmp_serial”. The scripts to start a 
simulation have a “.lmp” extension. The “input*.lmp” is the main simulation script. It calls 
the other input scripts to set the simulation domain and parameters. It also is where the 
specific physics for the simulation are set with what LAMMPS calls a “fix”.  The 
“vars*.lmp” file is where many of the simulation parameters are set (particle density, 
simulation size, coefficients, time stepping, etc). The simulation is sent to the SCC with 
the “submit*.sh” file where SCC parameters are set and the executable is called. More 
information on variables and LAMMPS parameters can be found here: 
https://docs.lammps.org/Manual.html. The developers guide is also useful for adjusting the 
base code: https://docs.lammps.org/Manual.html#programmer-documentation.  
 
All simulations parameters and data presented in this dissertation are located in: 
ad/eng/research/eng_research_ryanlab/andrewca/thesisData/. This directory has 6 
subdirectories.  The data and simulation scripts from Chapter 2 are in “methodsPaper”. The 
data and simulation scripts from Chapter 3 are in “separatorPaper”.  The data and 
simulation scripts from Chapter 4 are in “cyclingPaper “. The data and simulation scripts 





Chapter 2 simulations and figure creation are in subdirectory “methodsPaper”. 
Figure 2.2 was created with /csr/verif_case5.py. Figure 2.3 was created with constEfield 
/verif_analytic_norm.py and concDepenEfield/verif_analytic_erfc4.py. Figure 2.4 was 
created with concDepenEfield /plot_orddis.py. Figure 2.5 was created with 
concDepenEfield /plot_err_dx.py. Figure 2.6 was created with the simulations located in 
dendriteGrowth/ex1_1_dt_n64_7268917/ and dendriteGrowth/ex1_4_7812441/. Figure 
2.7 and 2.8 were created with dendriteGrowth / comp_gfront.py and dendriteGrowth 
/rel_diff_gfront.py. Figure 2.10 was created with simulations from dendriteGrowth 
/ex1_4_lw_7870167/ and dendriteGrowth/ ex1_3_lw_7873336/. Figure 2.11 was created 
from dendriteGrowth/calc_gfront_len2.py.  
 
Chapter 3 simulations and figure creation are in subdirectory “separatorPaper”. 
Figures 3.6 and 3.7 were created with simulations from dEff/cirRan/ and dEff/cirPer/ using 
diffmeas5.py. Figures 3.8 and 3.9 were created with simulations from dEff/constrCh/. 
Figure 3.10 and 3.11 were created with simulations from dEff/geoCh/ and dEff/ranGeoCh/. 
Figure 3.12 and table 3.1 were created with simulations from dend/ranGeoCh/. Figures 
3.13 and 3.14 were created with simulations from papcases/. 
 
Chapter 4 simulations and figure creation are in subdirectory “cyclingPaper”. 
Figure 4.3 was created with simulations from testCase4/. Figure 4.4, 4.5 and 4.6 were 





Chapter 5 simulations and figure creation are in subdirectories “ilcPaper”, 
“hplPaper” and “cnmPaper”. 
Figure 5.3 and 5.4 were created with simulations from ilcPaper/ and ilcPaper/calc_conc.py. 
Figure 5.7 was created with simulations from hplPaper/f02/. Figure 5.9 was created with 
simulations from cnmPaper/results/dend/morePore/loC/column/long/. Figure 5.10 was 
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